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Abstract

We prove that the law of one smooth scalar process in a finite Wiener chaos completely
determines finite families of symmetric tensors on arbitrary real separable Hilbert spaces, up
to simultaneous orthogonal equivalence. Gaussian graph characters recover all contractions,
while an intrinsic trace class Gram operator reduces the problem to finite dimensional
invariant theory. Applied at a single fixed positive time to the canonical quadratic
and quartic heat packet, this principle reconstructs the heat generator and forces every
reconstructed unitary to be spatial. Consequently, one universal scalar process determines
closed Riemannian manifolds, compact RCD spaces of finite dimension, and Euclidean
bundles with metric connection and self adjoint potential. The heat packet functor is fully
faithful, and its tensor automorphisms are precisely the geometric ones.
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1 Introduction
The spectrum of the Laplace operator is a powerful but incomplete geometric invariant. Kac’s
question, Milnor’s flat tori, Vignéras’ arithmetic examples, Sunada’s construction, and the
planar examples of Gordon-Webb-Wolpert established the fundamental gap between unitary
spectral equivalence and geometric equivalence [Kac66, Mil64, Vig80, Sun85, GWW92]. The
missing datum is spatial: a unitary intertwiner of Laplacians need not preserve positivity or
pointwise multiplication. Once an intertwiner is an order isomorphism, diffusion recovers the
manifold and, more generally, the intrinsic geometry of a Dirichlet space [ABtE12, LSW18].

This paper reconstructs that spatial structure from a single scalar probabilistic law. The
observation architecture is fixed before the unknown object is chosen. It consists of one
stationary Gaussian canvas on the real line with covariance

K(u, v) = e−(u−v)2
. (1)

Every finite symmetric tensor packet on every real separable Hilbert space is placed on this
same canvas and becomes one smooth scalar finite-chaos process. Its law determines the entire
tensor packet up to one common orthogonal transport. When the packet is the canonical
quadratic–quartic heat packet, that transport is automatically a geometric isometry–gauge
arrow.

The result has three levels. The first is an infinite-dimensional orthogonal reconstruction
theorem. The second identifies the canonical geometric packet and proves its full faithfulness.
The third organizes its finite spectral cuts into a positive orthogonal Tannakian inverse system.
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1.1 Universal scalar Replica–Tannaka reconstruction

Let H be a real separable Hilbert space and let

f = (f0, f1, . . . , fm), f0 ∈ R, fq ∈ H⊙q, (2)

be a finite symmetric tensor packet. Over H take a jointly Gaussian family (Wu)u∈R satisfying

E[Wu(h)Wv(k)] = e−(u−v)2⟨h, k⟩H . (3)

Define
Zf (u) = f0 +

m∑︂
q=1

IWu
q (fq), u ∈ R. (4)

The process has a canonical almost surely smooth realization. Write S(f) for the smallest
closed subspace S ⊂ H with fq ∈ S⊙q for every q ≥ 1.

Theorem 1.1 (Universal scalar Replica–Tannaka reconstruction). Let f on H and f ′ on H ′

be finite symmetric tensor packets. Complete the shorter packet by zero tensors. Then

LawC(R)(Zf ) = LawC(R)(Zf ′) ⇐⇒

⎧⎪⎪⎨⎪⎪⎩
f0 = f ′

0,

∃U : S(f)→ S(f ′) orthogonal and onto,
f ′
q = U⊙qfq for every q ≥ 1.

(5)

The same orthogonal map transports every tensor grade.

The proof exposes the complete invariant rather than invoking an abstract encoding.
Correlated copies of one Wiener polynomial produce mixed moments whose coefficients are
closed loop-free tensor networks. On the fixed canvas, a multigraph with adjacency multiplicities
N contributes the Gaussian graph character

χN (x) = exp

⎛⎝−∑︂
a<b

Nab(xa − xb)2

⎞⎠ . (6)

The edge forms (xa − xb)2 form a basis of Sym2(1⊥)∗, hence the characters χN are linearly
independent. Their Gaussian Gram matrix has the closed form

GN,N ′ = det
1⊥

(I + LN + LN ′)−1/2, (7)

and G−1 recovers every network coefficient. This is a genuine compression: the configuration
space has dimension r−1, while the unrestricted correlation register has r(r−1)/2 coordinates.

Loop-free networks do not yet contain self-contractions. The decisive infinite-dimensional
device is the intrinsic trace-class support Gram

Df =
m∑︂
q=1

LfqL
∗
fq
. (8)

Its positive spectral cuts are finite-dimensional and recover all missing contractions by trace-
norm polynomial approximation. The orthogonal first fundamental theorem then separates
each finite cut, and the marker PδDfPδ makes the finite transports coherent. Compactness
of the inverse system yields one orthogonal map on the dense union of the cuts. This
combines classical Wick–Isserlis diagrammatics and orthogonal invariant theory [Iss18, Jan97,
PT11, Wey46, Bra37, Sch08, You25] with a new scalar decoder and a new separable-Hilbert
inverse-limit argument.
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The construction is functorial. Orthogonal direct sums become convolution of process
laws, orthogonal transports leave the law unchanged, and Hilbert tensor convergence gives
quantitative convergence in the compact-open topology. The covariance (1) is itself canonical
in the replica-stable stationary class: stationarity, nondegeneracy at the origin, and the identity
K(
√
nu,
√
nv) = K(u, v)n force a Gaussian covariance up to length scale. At the feature-space

level, tensoring replicas is exactly dilation of the canvas coordinate.

1.2 The quadratic–quartic master packet

Let
X = (M, g,E,∇E , VE), LX = (∇E)∗∇E + VE , (9)

where M is closed and connected, E → M is a positive-rank real Euclidean bundle, ∇E is
metric, and VE is smooth and self-adjoint. At a fixed t > 0, heat evaluation defines tensors

QX,t ∈ L2(M,E)⊙2, CX,t ∈ L2(M,E)⊙4. (10)

They satisfy the two identities

Flat(QX,t) = e−tLX , (11)
⟨CX,t, s

⊗4⟩ = ∥e−tLX/2s∥4L4(M,E). (12)

The quadratic tensor recovers the complete generator by the unbounded logarithm. The
quartic tensor supplies the first non-Hilbertian radial norm and turns the same reconstructed
L2-unitary into an L4 isometry. Vector-valued Banach–Lamperti rigidity makes that unitary
spatial; elliptic regularity and comparison of the principal, first-order, and zeroth-order symbols
recover respectively the metric, connection, and potential.

Proposition 1.2 (Minimality of the positive radial packet). For every nonzero finite-
dimensional Euclidean space V ,

R[V ]O(V ) = R[|v|2]. (13)

Hence odd radial tensor degrees vanish, degree two records only the Hilbert norm, and degree
four is the first homogeneous radial invariant that supplies an Lp geometry with p ̸= 2. The
packet (Qt, Ct) is therefore the minimal positive radial heat packet that is intrinsic under
arbitrary orthogonal changes of fiber frame and works uniformly in every finite rank.

In the scalar line-bundle sector there is also a native cubic multiplication tensor. Its
preservation together with Qt forces a unital algebra isomorphism on smooth functions. The
stronger status of (Qt, Ct) is its positivity and its uniform orthogonal-radial meaning for scalar
functions, singular diffusions, and bundles of arbitrary rank.

Theorem 1.3 (Full reconstruction and arrow-level rigidity). Fix t > 0 and let X,Y be smooth
heat geometries of the form (9). Form the scalar canvas processes

ZX,t(u) = IWu
2 (QX,t) + IWu

4 (CX,t). (14)

Then the following are equivalent:

(i) the C(R)-valued laws of ZX,t and ZY,t agree;

(ii) one orthogonal isomorphism transports both Qt and Ct;

(iii) there exist a Riemannian isometry of the bases and a smooth fiberwise orthogonal bundle
isomorphism transporting the connection and potential.
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Every tensor-transporting orthogonal isomorphism is induced by one unique geometric arrow.
Thus the master heat-packet functor is fully faithful, and

Aut(X) ≃ StabO(L2(M,E))(QX,t, CX,t). (15)

For the trivial real line bundle, this proves that one universal scalar process determines the
unpointed Riemannian isometry class of a closed connected manifold. For general Euclidean
bundles it reconstructs the bundle topology, rank, connection, curvature, holonomy, and
smooth self-adjoint potential up to the sharp isometry–orthogonal-gauge action. No dimension,
rank, or spectral simplicity is supplied in advance; these are outputs of the reconstruction.

1.3 Singular heat geometry

The same mechanism is intrinsic to symmetric diffusion. If a finite Dirichlet space has a
heat kernel and a dense heat range in L4, the quadratic–quartic packet reconstructs the
measure algebra and the entire Dirichlet form. Compact finite-dimensional RCD spaces satisfy
these hypotheses through heat-kernel bounds, analytic semigroup theory, and the Sobolev-to-
Lipschitz identification of the intrinsic metric [AGS14a, AGS14b, EKS15, JLZ16, Gig18].

Theorem 1.4 (One scalar process reconstructs compact RCD spaces). Fix t > 0. Let
(Xi, di, µi), i = 1, 2, be compact connected RCD(Ki, Ni) spaces with full support and finite
synthetic dimension. The scalar canvas processes formed from their Cheeger heat flows at time
t have the same law if and only if there is a measure-preserving isometry

(X2, d2, µ2) ≃ (X1, d1, µ1). (16)

Thus the same scalar architecture reconstructs smooth manifolds, singular metric-measure
spaces, and orthogonal gauge geometry. The common principle is not a coordinate formula; it
is the recovery of spatial multiplication from one common orthogonal transport of the quadratic
and quartic heat tensors.

1.4 Positive orthogonal Tannaka duality

Every regular spectral cut of the support Gram is a finite-dimensional orthogonal tensor object
generated by the compressed marker and the compressed tensors of degrees two and four. Its
closed diagrams define a positive character, and the corresponding tensor automorphism group is
the compact stabilizer of that finite cut. The cut characters form a cofinal inverse system. Their
projective-limit automorphism group is the full Hilbert-space stabilizer, which is the geometric
automorphism group by Theorem 1.3. This gives a concrete positive orthogonal Tannaka
duality, in the finite-cut sense natural to a separable Hilbert object, and links the scalar law, the
closed-network character, and the geometric groupoid. The categorical background is provided
by classical Tannaka theory and compact-group reconstruction [Saa72, Del02, DR89, EGNO15].

The canonical invariant is mixed of degrees two and four, but its orbit can be carried by
any fixed homogeneous chaos. Anchor padding gives faithful degree-q presentations for q ≥ 4;
a minimal positive factorization of the 2 + 2 flattening of Ct gives a fully faithful cubic dilation.
A typed version of the universal canvas theorem then recovers each marked homogeneous
packet from one process lying entirely in the pure qth Wiener chaos.

Theorem 1.5 (Homogeneous carriers of the master packet). For every integer q ≥ 3, there
is an orthogonally natural finite marked family of degree-q tensors whose common orthogonal
orbit is equivalent to the orbit of the master packet (Qt, Ct). The law of one typed scalar process
in the pure qth Wiener chaos determines this family and therefore the complete heat geometry.
The cubic construction is fully faithful; for even q ≥ 4 the only extra symmetry is the canonical
reflection of the auxiliary anchor line.
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1.5 Relation to previous work

The finite-dimensional Gaussian orbit problem is solved in [Ass26a]: a prescribed finite family
of rational, uniformly nondegenerate correlated Gaussian experiments recovers a polynomial
orbit and is bi-Hölder equivalent to orbit distance on coefficient balls. The present theorem
crosses two new boundaries. It reconstructs arbitrary separable-Hilbert tensor packets, and
it replaces the entire freely chosen covariance register by one fixed scalar process on a one-
dimensional canvas. The support-Gram spectral flag is the mechanism that converts loop-free
scalar data into complete infinite-dimensional orbit reconstruction.

The minimal graded-support and homogeneous-realization viewpoint is closely related to
the Primitive–Fock classification of weak chaos limits in [Ass26b]; recent structural results on
limits of Gaussian polynomials provide a complementary asymptotic perspective [HMP24].
Here the problem is exact rather than asymptotic: a fixed process law reconstructs every
tensor grade and every transport between geometric realizations.

Classical orthogonal tensor invariants are generated by contractions [Wey46, Bra37, Sch08];
graph-algebra and reflection-positive reconstruction provide a related deterministic language
for partition functions [FLS07, LS09]. The scalar replica law differs in that neither a labelled
network oracle nor a finite active dimension is given. The graph-character decoder and
spectral-cut opening recover both from the law itself.

Several enrichments of ordinary spectral data reconstruct geometry. Order-intertwining
diffusion determines smooth and intrinsic Dirichlet geometry [ABtE12, LSW18]; Wick squares
of Gaussian free fields yield Riemannian rigidity [Dan22]; eigenfunction triple products and
local Weyl data give other complete enhancements [Sch24, WWX26]. The datum here is a
single fixed-architecture scalar process law. Its quartic component reconstructs the order
structure that those deterministic rigidity theorems require.

For connection Laplacians, local hyperbolic boundary data reconstruct manifolds and
compatible connections [KOP18], while Bochner spectral rigidity is known in geometric
regimes such as negatively curved low-rank settings [CL25]. The present theorem is global,
fixed-time, and arrow-level: it identifies every simultaneous transport of the two heat tensors
with a unique isometry–gauge transformation.

1.6 Organization

Section 2 extracts loop-free contractions from scalar replica moments. Section 3 reconstructs
the complete tensor orbit in a separable Hilbert space through the support Gram, finite
spectral cuts, orthogonal invariant theory, and a coherent inverse limit; it then replaces free
correlations by the fixed Gaussian canvas. Section 4 exhibits the information gained by replicas
beyond one-point marginals. The smooth manifold, Dirichlet–RCD, and gauge reconstructions
are proved in Sections 5 to 7. Section 8 identifies the master packet and its closed networks,
while Section 9 proves positive scalar Tannaka duality and full faithfulness. The homogeneous
carriers, sharp inverse-stability results, and finite statistical identification theorems are collected
in the appendices.

2 Correlated replicas and the scalar register
Throughout the reconstruction part of the paper, H denotes a real separable Hilbert space.
An isonormal Gaussian process over H is a centered Gaussian linear map

W : H −→ L2(Ω) such that E[W (h)W (k)] = ⟨h, k⟩H .
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For q ≥ 1, we write IWq (f) for the qth multiple Wiener integral of f ∈ H⊙q, with the
normalization

E[IWq (f)IWp (g)] = 1{p=q}q! ⟨f, g⟩H⊗q . (17)

Fix m ≥ 1 and a finite symmetric tensor packet

f = (f0, f1, . . . , fm), f0 ∈ R, fq ∈ H⊙q, (18)

and set
Ff (W ) = f0 +

m∑︂
q=1

IWq (fq). (19)

For r ≥ 1, let

Corr◦
r =

{︂
Σ ∈ Rr×r : Σ = ΣT > 0, Σaa = 1 (1 ≤ a ≤ r)

}︂
. (20)

Given Σ ∈ Corr◦
r , a Σ-correlated isonormal family (W1, . . . ,Wr) over H is defined by

E[Wa(h)Wb(k)] = Σab ⟨h, k⟩H . (21)

Such a family exists: if AAT = Σ and ˜︂W1, . . . ,˜︂Wr are independent isonormal processes, then
Wa =

∑︁
j Aaj

˜︂Wj has (21).

Definition 2.1 (Scalar replica signature). The correlated-replica signature of f is the indexed
family of characteristic functions

Rep(f) = (Φf (r,Σ, z))r≥1, Σ∈Corr◦
r , z∈Rr , Φf (r,Σ, z) = E exp

(︄
i

r∑︂
a=1

zaFf (Wa)
)︄
. (22)

Equality of signatures means pointwise equality for every displayed index. In particular, the
datum consists only of joint laws of copies of the one scalar random variable Ff ; no chaos
projection, tensor leg, or open network is supplied to the observer.

The following elementary lemma makes the passage from laws to moments explicit.

Lemma 2.2 (Replica laws determine joint moments). Let Z = (Z1, . . . , Zs) be a finite family
contained in the sum of the first m Wiener chaoses over an arbitrary Gaussian Hilbert space.
Every polynomial moment of Z is finite and is determined by its joint law. Consequently, (22)
determines

Mf ,r(Σ) := E
r∏︂

a=1
Ff (Wa)

for every r and every Σ ∈ Corr◦
r.

Proof. Let Jq denote orthogonal projection onto the qth chaos. Nelson’s hypercontractive
estimate [Jan97] gives, for p ≥ 2,

∥JqZj∥Lp ≤ (p− 1)q/2 ∥JqZj∥L2 .

Hence every Zj belongs to every finite Lp, and Hölder’s inequality gives all mixed polynomial
moments. The characteristic function determines the Borel law. If zα is a monomial, truncate
it to the cube maxj |zj | ≤ R and let R→∞; dominated convergence recovers its expectation
from the law. This avoids any unjustified differentiation under the expectation.
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2.1 Extraction of loop-free contractions

Let N = (Nab)1≤a,b≤r be a symmetric matrix of nonnegative integers such that

Naa = 0, qa :=
∑︂
b̸=a

Nab ∈ {1, . . . ,m}. (23)

At vertex a place the symmetric tensor fqa and join exactly Nab tensor legs between vertices a
and b. Since the tensors are symmetric, the resulting scalar depends only on N ; we denote it
by

ContrN (fq1 , . . . , fqr ). (24)

Parallel edges are allowed, whereas an edge from a vertex to itself is not. Put ΣN =
∏︁
a<b ΣNab

ab .

Proposition 2.3 (Exact scalar coefficient formula). For every N satisfying (23),

[ΣN ]Mf ,r(Σ) =
∏︁r
a=1 qa!∏︁

1≤a<b≤rNab!
ContrN (fq1 , . . . , fqr ). (25)

Consequently, Rep(f) determines every closed loop-free tensor network made of the kernels
f1, . . . , fm, with arbitrary repetitions.

Proof. Expand each factor in Mf ,r into homogeneous chaoses. Wick’s formula pairs microscopic
tensor legs belonging to distinct Wick-ordered vertices. A pairing therefore has a symmetric
zero-diagonal adjacency matrix N , and each edge between replicas a and b contributes the
factor Σab. Thus Mf ,r is a polynomial in the

(︁r
2
)︁

off-diagonal entries of Σ.
For the monomial ΣN , the degree condition at vertex a forces the unique homogeneous

kernel fqa . To count the pairings, first partition the qa labelled leg positions at vertex a into
blocks of sizes (Nab)b̸=a, then biject the two blocks assigned to each unordered pair {a, b}. The
number of pairings is ∏︂

a

qa!∏︁
b̸=aNab!

∏︂
a<b

Nab! =
∏︁
a qa!∏︁

a<bNab!
.

All these pairings have the same value because every fq is symmetric, which proves (25).
It remains only to justify coefficient extraction from correlation matrices with fixed diagonal.

If A(z) is symmetric with zero diagonal and off-diagonal entries zab, then

max
a<b
|zab| <

1
r − 1 =⇒ ∥A(z)∥op < 1 =⇒ Ir +A(z) > 0.

Thus Corr◦
r contains a genuine open neighbourhood of Ir in all off-diagonal coordinates. A

polynomial is determined by its values on that open set, so Lemma 2.2 determines every
coefficient in (25). The constant f0 = EFf is determined separately by the one-replica law.

The restriction to unit diagonal is important: it keeps the marginal Wick ordering fixed while
leaving all cross-covariances free. General correlation matrices, rather than a one-parameter
equicorrelation curve, are what separate the different loop-free adjacency patterns.

3 Infinite-dimensional Replica–Tannaka reconstruction
We now prove that the loop-free scalar register extracted in Section 2 determines the tensor
packet up to one common orthogonal transformation, even when the Gaussian Hilbert space
has infinite dimension.
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For q ≥ 1 define the one-leg flattening

Lfq : H⊗(q−1) −→ H,
⟨︂
Lfqu, v

⟩︂
H

= ⟨fq, v ⊗ u⟩H⊗q . (26)

For q = 1, the domain is R and Lf1(c) = cf1. Each Lfq is Hilbert–Schmidt and⃦⃦⃦
Lfq

⃦⃦⃦2

S2
= ∥fq∥2H⊗q . (27)

Definition 3.1 (Minimal active support). The minimal active support of f is

S(f) = span
{︂

RanLfq : 1 ≤ q ≤ m
}︂
⊂ H. (28)

It is the smallest closed subspace S ⊂ H such that fq ∈ S⊙q for all q ≥ 1.

Indeed, if v ⊥ S(f), then L∗
fq
v = 0, so contracting fq against v in one slot gives zero.

Symmetry gives the same in every slot, and hence fq ∈ S(f)⊙q. The converse is immediate
from (26). Directions orthogonal to S(f) are therefore invisible to the polynomial and cannot
be reconstructed.

Theorem 3.2 (Scalar Replica–Tannaka reconstruction). Let H,H ′ be real separable Hilbert
spaces and let f = (f0, . . . , fm) and f ′ = (f ′

0, . . . , f
′
m) be finite symmetric tensor packets on H

and H ′, respectively. Then

Rep(f) = Rep(f ′) ⇐⇒

⎧⎪⎪⎪⎨⎪⎪⎪⎩
f ′

0 = f0,

there is a surjective real unitary U : S(f)→ S(f ′) such that

f ′
q = U⊗qfq, 1 ≤ q ≤ m.

(29)
The unitary need not be unique: the set of all choices is a torsor under the orthogonal stabilizer
of the packet.

The proof occupies the rest of this section. We may replace H and H ′ by their minimal
active supports, and therefore assume from now on that S(f) = H and S(f ′) = H ′. If
this support is zero, all nonconstant kernels vanish; the two-replica moments force the same
conclusion for the primed packet, and the theorem is immediate. We henceforth treat the
nonzero case.

3.1 The support Gram

Define the positive operator

Df =
m∑︂
q=1

LfqL
∗
fq

on H. (30)

It is trace class, with

TrDf =
m∑︂
q=1
∥fq∥2 <∞. (31)

Moreover,

kerDf =
m⋂︂
q=1

kerL∗
fq

= S(f)⊥. (32)

Thus Df is injective in the minimal realization.
Graphically, every summand LfqL

∗
fq

is a dipole: two fresh copies of fq joined along q − 1
legs, with one leg left at each end. Consequently, every complete contraction containing powers
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of Df expands into a finite sum of closed loop-free networks made from the original fq’s. By
Proposition 2.3, the scalar replica signature determines all these values.

In particular, equality of replica signatures gives

Tr(Dk
f ) = Tr(Dk

f ′), k ≥ 1. (33)

These moments determine the nonzero spectrum with multiplicity. To see this without invoking
a moment theorem with hidden hypotheses, define

µf =
∑︂
λ>0

mf (λ)λ δλ,

where mf (λ) is the multiplicity of the nonzero eigenvalue λ of Df . This is a finite measure.
Regard both the primed and unprimed measures as measures on the common compact interval
[0,M ], where M = max(∥Df∥op , ∥Df ′∥op); then∫︂

xj dµf (x) = Tr(Dj+1
f ), j ≥ 0. (34)

Equality of all moments and polynomial density in C([0,M ]) give µf = µf ′ . The atom at λ > 0
has mass mf (λ)λ, so the multiplicities agree. In particular, the two nonzero spectra have the
same maximum and

∥Df∥op = ∥Df ′∥op . (35)

3.2 Finite spectral caps recover the missing contractions

We first record the continuity statement which will be used to open self-pairings. It is
formulated with enough precision to avoid using an unjustified cut of an infinite-dimensional
tensor network.

Lemma 3.3 (Trace-weighted network bound). Let G = (V,E) be a finite multigraph; loops
and parallel edges are allowed. At a vertex v of degree dv, place a tensor τv ∈ H⊗dv . Orient
the two ends of every edge e and place a trace-class operator Te ∈ S1(H) on that edge. The
resulting edge-weighted contraction ZG((τv), (Te)) is absolutely defined and satisfies

|ZG((τv), (Te))| ≤
∏︂
v∈V
∥τv∥2

∏︂
e∈E
∥Te∥1 . (36)

It is jointly continuous in the trace norms of the edge operators. More precisely, after fixing
an ordering E = {e1, . . . , eℓ},

|ZG((τv), (Te))− ZG((τv), (Se))|

≤
∏︂
v∈V
∥τv∥2

ℓ∑︂
j=1

⃦⃦⃦
Tej − Sej

⃦⃦⃦
1

∏︂
i<j

∥Tei∥1
∏︂
i>j

∥Sei∥1 . (37)

Proof. Choose a nuclear decomposition

Te =
∑︂
j≥1

se,j ue,j ⊗ ve,j , se,j ≥ 0,
∑︂
j

se,j = ∥Te∥1 ,

where the two vector families are orthonormal after zero terms have been discarded. For every
choice of one index je per edge, insert ue,je and ve,je into the two endpoint slots. The absolute
value of the resulting evaluation at v is at most ∥τv∥2, because all inserted endpoint vectors
have norm one. The sum of the absolute values of all terms is therefore bounded by∏︂

v

∥τv∥2
∑︂

(je)e∈E

∏︂
e∈E

se,je =
∏︂
v

∥τv∥2
∏︂
e

∥Te∥1 .
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This also covers a loop: its two singular vectors are simply inserted in two different slots of the
same vertex tensor. Absolute convergence and density of finite-rank operators show that the
value is independent of the chosen nuclear decompositions. Finally, replace the edge operators
one at a time and apply (36) to each difference. The resulting multilinear telescoping sum is
exactly (37).

Fix δ > 0 outside the common nonzero spectrum and set

Pδ = 1[δ,∞)(Df ), P ′
δ = 1[δ,∞)(Df ′). (38)

These projections have the same finite rank. Although the scalar register directly contains only
loop-free graphs, the finite spectral caps allow us to reconstruct contractions with self-pairings.

Lemma 3.4 (Spectral-cap opening). The common loop-free register determines every complete
contraction, with repetitions, of the finite-dimensional packets(︂

P⊗q
δ fq (1 ≤ q ≤ m), Bδ := PδDfPδ

)︂
(39)

and the analogous primed packet. Corresponding contractions have equal values.

Proof. If Pδ = 0, the assertion is immediate, so assume otherwise. Choose 0 < a < δ < b
such that σ(Df ) ∩ [a, b] = ∅. There is a continuous function h on the common interval [0,M ]
introduced above which is zero on [0, a] and equals x−1 on [b,M ]. Functional calculus gives

Pδ = Dfh(Df ). (40)

If real polynomials pn → h uniformly and Qn = Dfpn(Df ), then

∥Qn − Pδ∥1 ≤ Tr(Df ) ∥pn − h∥∞ −→ 0. (41)

Take any complete contraction of the tensors in (39). Replace every occurrence of a
compressed tensor P⊗q

δ fq by a vertex labelled fq, and replace every occurrence of Bδ = PδDfPδ
by a two-valent vertex labelled Df . Put one edge weight Pδ on each contracted pair of slots.
The projection identity P 2

δ = Pδ shows that the resulting trace-weighted network is exactly
the original finite-dimensional contraction, including when an edge pairs two slots of the same
vertex.

Replace all of its finitely many edge weights Pδ by Qn. The trace norms of Qn are uniformly
bounded, and Lemma 3.3, (41), and (37) show that the new network values converge to the
desired contraction. This proves continuity without ever applying an unweighted cap to an
infinite-dimensional Hilbert tensor.

After expanding the polynomial, every inserted operator is a positive power of Df . Replace
each occurrence of Df by its dipole expansion following (30). A former self-pairing is now
a path through fresh tensor vertices; the copies of Df used as marker vertices are expanded
in the same way. No edge joins a vertex to itself. Every approximant is therefore a finite
linear combination of closed loop-free networks and is determined by Proposition 2.3. The
same approximation is available in the primed system. Equality of the raw registers and the
common spectral data imply equality of the limiting contractions.

3.3 Finite invariant theory and a coherent inverse limit

The finite-dimensional orbit-separation step will be used in the following explicit form.
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Proposition 3.5 (Complete contractions separate finite orthogonal tensor orbits). Let V be a
finite-dimensional real inner-product space, let d1, . . . , ds ≥ 0, and put

W =
s⨁︂

α=1
V ⊗dα .

For two points τ = (τ1, . . . , τs) and σ = (σ1, . . . , σs) in W, the following are equivalent:

(i) σ = Uτ for some U ∈ O(V );

(ii) every complete pairwise contraction of every tensor word in the τα, with arbitrary
repetitions, has the same value for the corresponding word in the σα.

Proof. The implication (i)⇒(ii) is immediate. For the converse, the first fundamental theorem
for the orthogonal group states that the invariant polynomial algebra R[W]O(V ) is generated
by complete pairwise contractions [Wey46, Bra37, Sch08]. Thus (ii) gives equality of every
invariant polynomial at τ and σ.

The two O(V )-orbits are compact. If they were distinct, a continuous function on their
disjoint union taking the values 0 and 1 on the two components would extend to a continuous
function on a sufficiently large closed ball. Polynomial approximation on that ball, followed by
averaging over the compact group O(V ), would produce an invariant polynomial separating
the two orbits. This contradicts equality of all invariant polynomials. Hence the two points lie
in one orthogonal orbit.

Choose any isometry from P ′
δH

′ onto PδH and transport the primed compressed packet
to the latter space. By Lemma 3.4, all complete contractions of the two finite packets agree.
Applying Proposition 3.5 and transporting back gives the isometry below.

It follows from Lemma 3.4 that, for each admissible δ, there exists an isometry

Uδ : PδH −→ P ′
δH

′ (42)

such that

U⊗q
δ P⊗q

δ fq = (P ′
δ)⊗qf ′

q, 1 ≤ q ≤ m, (43)
UδBδU

∗
δ = B′

δ. (44)

The marker identity (44) is what makes the finite reconstructions coherent.
Choose strictly decreasing thresholds δn ↓ 0 outside the common nonzero spectrum. Put

Hn = PδnH and H ′
n = P ′

δn
H ′. Let On be the compact set of all isometries V : Hn → H ′

n

satisfying (43)–(44) at level n. It is nonempty by the preceding paragraph. If V ∈ ON and
n < N , then the marker identity and spectral functional calculus imply

V (Hn) = H ′
n, V |Hn ∈ On.

Indeed, Pδn is the spectral projection of BδN
for [δn,∞), so the marker identity transports

it to P ′
δn

. Applying these projections in every tensor leg of (43) gives precisely the level-n
transport identity.

Consider the compact product
∏︁
n≥1On. For n ≥ 1, let Cn be the closed condition

Vn+1|Hn = Vn.

Every finite family C1, . . . , CN is satisfiable: choose an element of ON+1, take all its lower
restrictions, and choose arbitrary elements at the remaining levels. Compactness and the
finite-intersection property give a compatible sequence (Un)n≥1.

11



Because Df and Df ′ are injective,
⋃︁
nHn and

⋃︁
nH

′
n are dense. The compatible Un therefore

define a surjective unitary U : H → H ′. Finally,

P⊗q
δn
fq −→ fq, (P ′

δn
)⊗qf ′

q −→ f ′
q

in Hilbert tensor norm. Passing to the limit in (43) yields

U⊗qfq = f ′
q, 1 ≤ q ≤ m. (45)

This proves the forward implication of Theorem 3.2.
Conversely, suppose (45) holds on the minimal supports and f ′

0 = f0. Transport a
Σ-correlated isonormal family by U . Equivariance of multiple Wiener integrals gives

IW
′

q (U⊗qfq) = IWq (fq)

simultaneously for all replicas. Hence every joint characteristic function in (22) agrees, proving
the reverse implication and completing the theorem.

Remark 3.6 (Relation with closed tensor networks). In finite dimension, converse orthogonal
network theorems are closely related to the real Holant theorem; see [You25]. Two additional
points are essential here. First, the observer is given only joint laws of one unlabelled scalar
Wiener polynomial, and Proposition 2.3 decompresses those laws into the loop-free network
register. Second, the support Gram and its finite spectral flags make orbit separation exact in a
separable infinite-dimensional Hilbert space.

3.4 A fixed universal Gaussian canvas

The definition of Rep(f) permits every correlation matrix. This freedom is convenient for
coefficient extraction, but it is far from necessary. We now replace the whole correlation
elliptope by the law of one scalar finite-chaos process driven by a fixed Gaussian covariance
kernel. In particular, the covariance intervention is no longer part of the datum.

Put
K(x, y) = exp

(︁
−(x− y)2)︁, x, y ∈ R. (46)

This is a positive definite kernel with K(x, x) = 1 [Sch38]. One direct factorization is obtained
in the symmetric Fock space over R:

Ψ(x) = e−x2 ⨁︂
j≥0

2j/2
√
j!
x⊙j , ⟨Ψ(x),Ψ(y)⟩ = K(x, y). (47)

It is in fact strictly positive definite. If x1, . . . , xr are distinct, the first r homogeneous
coordinates of the vectors Ψ(xi) form, up to nonzero row and column factors, the Vandermonde
matrix (xji )1≤i≤r, 0≤j<r. Thus the Ψ(xi) are linearly independent and their Gram matrix is
positive definite.

The kernel is not an arbitrary radial-basis choice. In a Wick network, n parallel edges
between two replica vertices replace a correlation K(x, y) by its tensor power K(x, y)n. If
one fixed one-dimensional geometry is to internalize this operation, tensor powers should be
realized by dilations of the same parameter line. Stationarity, normalization, and smooth
nondegeneracy then force both the dilation law and the covariance kernel, up to a change of
length scale.

Proposition 3.7 (Rigidity of a replica-stable stationary canvas). Let ˜︂K be a continuous real
covariance kernel on R which is stationary and normalized:

˜︂K(x+ a, y + a) = ˜︂K(x, y), ˜︂K(x, x) = 1.

12



Assume that its stationary profile κ(t) = ˜︂K(t, 0) is C2 at zero with κ′′(0) < 0, and that one
nontrivial tensor power is represented by some dilation: for an integer n0 ≥ 2 and a number
a > 1, ˜︂K(ax, ay) = ˜︂K(x, y)n0 (x, y ∈ R). (48)

Then the dilation and the kernel are both forced:

a =
√
n0, ˜︂K(x, y) = e−c(x−y)2

, c = −1
2κ

′′(0) > 0. (49)

Thus rescaling the parameter line reduces the kernel to (46); the curvature normalization
−κ′′(0) = 2 fixes it exactly.

Proof. Write ˜︂K(x, y) = κ(x− y). Symmetry makes κ even. Differentiating (48) twice on the
diagonal, and using κ(0) = 1 and κ′(0) = 0, gives

a2κ′′(0) = n0κ
′′(0).

The nondegeneracy assumption therefore forces a = √n0.
For every fixed t, the points a−jt eventually lie in a neighborhood on which κ is positive.

Iterating (48) backward shows that κ(t) = κ(a−jt)n
j
0 > 0, so ϕ = − log κ is defined on all of R.

Since ϕ is even and C2 at zero, ϕ(u) = cu2 + o(u2) with c = −κ′′(0)/2 > 0. Iteration now gives

ϕ(t) = nj0ϕ(a−jt) = nj0ϕ(n−j/2
0 t) −→ ct2,

which proves (49).

Let ˜︁Ψ : R→ G˜︁K be a minimal feature map of ˜︂K. At the feature-space level, the conclusion
of the proposition gives, for every integer n ≥ 1, that the assignment

˜︁Ψ(
√
nx) ↦−→ ˜︁Ψ(x)⊗n (50)

is an isometry between the corresponding cyclic spans: the two families have the same Gram
matrices. For (46), Ψ(x) in (47) is the normalized exponential vector at

√
2x. Thus (50) is

the exponential law of symmetric Fock space: tensoring replicas becomes dilation of the single
canvas coordinate.

Consequently, for every real Hilbert space H there is a jointly Gaussian family {Wx(h) :
x ∈ R, h ∈ H} such that

E[Wx(h)Wy(k)] = K(x, y) ⟨h, k⟩H . (51)

For instance, take an isonormal process on span{Ψ(x) : x ∈ R}⊗H and evaluate it at Ψ(x)⊗h.
For every fixed x, the map h ↦→Wx(h) is isonormal over H.

For a tensor packet f as in (18), define the scalar process

Zf (x) = f0 +
m∑︂
q=1

IWx
q (fq), x ∈ R. (52)

The process in (52) has a canonical smooth realization. We record a quantitative form
which will also be used in the stability discussion. The space C(R) is always equipped with
the topology of locally uniform convergence.
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Lemma 3.8 (Smooth realization of the universal canvas). Let f and g be tensor packets of
degree at most m on the same real Hilbert space, realized on the same Gaussian canvas. For
every p > 2 and R > 0, their scalar processes admit smooth modifications such that

E ∥Zf −Zg∥pC([−R,R]) ≤ Cm,p,R

⎛⎝|f0 − g0|2 +
m∑︂
q=1

q! ∥fq − gq∥2
⎞⎠p/2

. (53)

In particular, each process has almost surely C∞ sample paths. Its law as a C(R)-valued
random variable is independent of the chosen continuous modification.

Proof. Realize the full canvas as one isonormal process over the tensor product of H with the
feature space in (47). If hq = fq − gq, the multiple-integral covariance identity gives

E
[︂
IWx
q (hq)IWy

q (hq)
]︂

= q!K(x, y)q ∥hq∥2 . (54)

Distinct chaos orders are orthogonal. Consequently, with D(x) = Zf (x)−Zg(x),

∥D(x)−D(y)∥22 = 2
m∑︂
q=1

q! ∥hq∥2
(︁
1− e−q(x−y)2)︁

≤ 2
m∑︂
q=1

q q! ∥hq∥2 |x− y|2. (55)

The increment belongs to the sum of the first m Wiener chaoses. Gaussian hypercontractivity
therefore yields, for every p > 2,

∥D(x)−D(y)∥p ≤ Cm,p

⎛⎝ m∑︂
q=1

q! ∥hq∥2
⎞⎠1/2

|x− y|, (56)

If
S2 = |f0 − g0|2 +

m∑︂
q=1

q! ∥hq∥2 ,

the same argument gives the correctly scaled pointwise estimate

∥D(x)∥p ≤ Cm,pS. (57)

We next construct one smooth version, rather than unrelated continuous versions for
different exponents. Let G be the feature space generated by the vectors Ψ(x) in (47), let X be
the single isonormal process over G ⊗H used to realize the canvas, and put Txh = Ψ(x)⊗ h.
Then Tx : H → G ⊗ H is an isometry, and T⊗q

x maps H⊙q continuously into (G ⊗ H)⊙q.
Moreover,

IWx
q (hq) = IXq

(︁
T⊗q
x hq

)︁
. (58)

The explicit Fock expansion in (47) shows, by termwise differentiation on compact intervals,
that x ↦→ Ψ(x) is C∞ in the Hilbert norm. Equivalently,⃦⃦⃦

Ψ(r)(x)
⃦⃦⃦2

= ∂rx∂
r
yK(x, y)

⃓⃓⃓
y=x

<∞ (r ≥ 0). (59)

It follows that Fq(x) := T⊗q
x hq is a C∞ curve in (G ⊗H)⊙q, with all derivatives bounded on

compact intervals. Since the multiple-integral map is continuous from that Hilbert tensor
space to L2(Ω), the L2 derivatives of D are

Dr(x) = 1{r=0}(f0 − g0) +
m∑︂
q=1

IXq

(︂
F (r)
q (x)

)︂
, r ≥ 0. (60)
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The mean-value theorem in Hilbert space and hypercontractivity give, on each compact interval,
∥Dr(x)−Dr(y)∥p ≤ Cm,p,r,R|x − y|. Kolmogorov’s continuity criterion therefore supplies a
continuous modification ˜︁Dr of every Dr. Choose these modifications simultaneously for the
countable family (r,N) ∈ N2 on the intervals [−N,N ], identifying them on overlaps. Continuity
of the multiple-integral map and the fundamental theorem of calculus give in L2(Ω)

Dr(x)−Dr(a) =
∫︂ x

a
Dr+1(u) du. (61)

where the right-hand side is a Bochner integral. Fubini’s theorem shows that, for rational a, x,
the same identity holds almost surely with Dr, Dr+1 replaced by ˜︁Dr, ˜︁Dr+1. Intersecting the
corresponding countable family of probability-one events and then using continuity extends
it to all real a, x. Hence ˜︁D0 has pathwise derivative ˜︁D1, and induction proves that it is C∞

almost surely.
Apply the same construction separately to Zf and Zg. Their difference and the ˜︁D0 just

constructed are continuous modifications of the same process; equality at rational points
makes them indistinguishable. We may therefore use these smooth versions in the quantitative
estimate below.

Choose s with 1/p < s < 1. Integrating (56) over [−R,R]2 shows that the expected
pth power of the fractional W s,p seminorm of D is bounded by the right-hand side of (53);
(57) controls the Lp part. The integral near the diagonal is finite precisely because s < 1.
The smooth version is jointly measurable; by Fubini it may replace the original process
in these fractional Sobolev integrals. The one-dimensional fractional Sobolev embedding
W s,p([−R,R]) ↪→ Cγ([−R,R]) for every γ < s − 1/p gives (53) for the smooth version just
constructed. Finally, the metric

dC(z, z′) =
∑︂
j≥1

2−j min
(︁
1,
⃦⃦
z − z′⃦⃦

C([−j,j])
)︁

(62)

makes C(R) a Polish space, and its Borel σ-field is generated by evaluation maps at rational
points. The smooth version is consequently a measurable C(R)-valued random variable. Two
continuous modifications agree almost surely at every rational point and hence everywhere,
proving the last assertion.

From now on, Zf denotes this smooth modification.
We next identify the structural reason why restriction to the one-dimensional canvas loses

none of the loop-free register. Fix r ≥ 2 and let

Er =
{︄
x ∈ Rr :

r∑︂
a=1

xa = 0
}︄
,

the Euclidean configuration space modulo common translations. For a symmetric zero-diagonal
array N = (Nab) define its weighted graph Laplacian by

(LN )aa =
∑︂
b̸=a

Nab, (LN )ab = −Nab (a ̸= b), (63)

and put
QN (x) = xTLNx =

∑︂
a<b

Nab(xa − xb)2, χN (x) = e−QN (x). (64)

The multiplicative identity χN+N ′ = χNχN ′ makes χN the Gaussian character of the multigraph
N . The passage N ↦→ LN is permutation-equivariant and identifies edge weights with
translation-invariant quadratic forms on configuration space; it is therefore intrinsic to the
replica labels rather than an auxiliary enumeration of graphs.
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Lemma 3.9 (Faithfulness of Gaussian graph characters). For every finite family of dis-
tinct nonnegative integral edge arrays N , the functions χN are linearly independent on Er.
Equivalently, the homomorphism

R[Tab : a < b] −→ Cω(Er), Tab ↦−→ e−(xa−xb)2
, (65)

is injective.

Proof. The edge forms (xa − xb)2, a < b, form a basis of Sym2(E∗
r ). Indeed, their number is

r(r − 1)/2 = dim Sym2(E∗
r ); if a linear combination vanishes on Er, polarization shows that

its symmetric Laplacian A maps Er into E⊥
r . Since A1 = 0, symmetry also gives A(Er) ⊂ Er,

hence A vanishes on Er. It vanishes on R1 as well and is therefore the zero matrix. Its
off-diagonal entries then force every coefficient to vanish.

In particular, N ≠ N ′ implies that QN −QN ′ is a nonzero quadratic form on Er. Given
finitely many arrays, choose v ∈ Er outside the zero sets of all these pairwise differences. Then
the numbers λN = QN (v) are distinct. A relation

∑︁
N cNχN = 0, restricted to x = tv, becomes∑︂

N

cNe
−λN t

2 = 0.

The exponentials with distinct exponents are linearly independent, as is seen by differentiating
in s = t2 at s = 0 and using the resulting Vandermonde matrix. Thus every cN is zero.

For the one-point statement below, set E1 = {0}.
Let Ar,m be the finite set of symmetric zero-diagonal nonnegative integral arrays whose

row sums do not exceed m. Equip Er with its normalized Euclidean Gaussian measure

dγ◦
r (x) = π−(r−1)/2e−|x|2 dx. (66)

Here dx is the Lebesgue measure induced by the Euclidean structure on Er. This choice
is invariant under permutations of the replica coordinates. Throughout, detEr denotes the
determinant of the restriction to Er.

Proposition 3.10 (Canonical Gaussian duality recovers the register). For a packet f of degree
at most m, define its r-point canvas moment on Er by

Mf ,r(x) = E
r∏︂

a=1
Zf (xa). (67)

Then
Mf ,r(x) =

∑︂
N∈Ar,m

Cf (N)χN (x), (68)

where, writing qa =
∑︁
b̸=aNab,

Cf (N) =
∏︁r
a=1 qa!∏︁
a<bNab!

ContrN (fq1 , . . . , fqr ), (69)

with an isolated vertex interpreted as the factor f0.
More precisely, define the universal matrix and the observed vector

GN,N ′ =
∫︂
Er

χN (x)χN ′(x) dγ◦
r (x) = det

Er

(I + LN + LN ′)−1/2, (70)

bf ,r(N ′) =
∫︂
Er

Mf ,r(x)χN ′(x) dγ◦
r (x). (71)
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The matrix G is positive definite and(︁
Cf (N)

)︁
N∈Ar,m

= G−1(︁bf ,r(N)
)︁
N∈Ar,m

. (72)

Consequently, the C(R)-valued law of the single canvas process determines f0 and the complete
loop-free scalar register.

Proof. For x ∈ Er, the cross-correlation between vertices a and b is e−(xa−xb)2 . Wick’s formula
and Proposition 2.3 therefore give (68) and (69) when all qa are positive. If qa = 0, vertex a
is isolated, contributes the factor f0, and may be deleted before applying that proposition.
Thus the same formula holds in all cases. The process law determines every joint moment by
Lemma 2.2. Moreover, Hölder’s inequality gives the uniform bound

|Mf ,r(x)| ≤ ∥Zf (0)∥rr ,

so the integrals in (71) are finite.
The Gaussian integral on Er gives the determinant in (70). By Lemma 3.9, for every

nonzero vector (cN ),

∑︂
N,N ′

cNGN,N ′cN ′ =
∫︂
Er

⃓⃓⃓⃓
⃓∑︂
N

cNχN (x)
⃓⃓⃓⃓
⃓
2

dγ◦
r (x) > 0.

Thus G is invertible. Taking the inner products of (68) with all the χN ′ gives b = GC, which
proves (72). The one-point mean separately gives f0.

The decoder is equivariant under every permutation of the replica coordinates. Its faith-
fulness does not depend on the Gaussian integration measure: any probability measure on
Er with full support would give a positive definite Gram matrix. The Euclidean Gaussian
is distinguished here because it is permutation-invariant and yields the closed determinant
formula (70). No conditioning estimate for G−1 is asserted; the reconstruction is exact rather
than numerically stable.

Theorem 3.11 (Smooth universal-canvas Replica–Tannaka theorem). There is one fixed
covariance kernel K(x, y) = e−(x−y)2 on R and one functorial canvas construction H ↦→ GK⊗H,
independent of the maximal chaos degree and the tensor packet, with the following property.
For a finite symmetric tensor packet f of degree m on H and a packet f ′ of degree m′ on H ′,
put M = max(m,m′) and complete the shorter packet by zero kernels. Then their smooth
scalar processes have the same law on C(R) if and only if f ′

0 = f0 and there is a surjective real
unitary

U : S(f) −→ S(f ′) such that f ′
q = U⊗qfq, 1 ≤ q ≤M. (73)

Equivalently, the law of one smooth scalar process on one fixed Gaussian canvas is a complete
invariant of finite Wiener polynomials modulo their natural orthogonal gauge.

Proof. If the process laws agree, then by Proposition 3.10, the two packets have the same
complete loop-free scalar register. The proof of Theorem 3.2 from the support Gram onward uses
only this register: it reconstructs all finite spectral compressions, applies finite-dimensional
orthogonal orbit separation, and passes to a single unitary by the compact inverse-limit
argument. It therefore yields (73).

Conversely, assume (73). For every finite set x1, . . . , xr ∈ R, first restrict the jointly
Gaussian isonormal family to the minimal active support, which contains all the kernels, and
then transport it by U . Its covariance K(xa, xb) ⟨h, k⟩ is unchanged, and equivariance of
multiple Wiener integrals gives equality of the corresponding scalar vectors. Therefore all
finite-dimensional distributions agree. By Lemma 3.8, both processes have continuous versions,
and the Borel sigma-field of C(R) with the compact-open topology is generated by evaluations
on any countable dense subset. Their C(R)-valued laws agree.
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Proposition 3.12 (Naturality, monoidality, and orbit faithfulness). The assignment f ↦→
LawC(R)(Zf ) has the following properties.

(a) It is orthogonally natural: transporting every tensor by one unitary does not change the
law.

(b) It takes orthogonal direct sums of packets to convolution of probability laws on the additive
group C(R).

(c) It is continuous, quantitatively on every compact interval, in the Hilbert tensor norms of
(53).

(d) On minimal active supports it is orbit-faithful: equal laws imply one common orthogonal
transport of every tensor grade.

Thus it is an orthogonally natural, monoidal, continuous, and orbit-faithful scalarization rather
than an abstract measurable encoding. Since the target here is a space of probability laws, this
statement does not label distinct transport unitaries; the arrow-level reconstruction for heat
packets is the full-faithfulness theorem Theorem 9.4.

Proof. Part (a) is the equivariance of multiple Wiener integrals, and part (c) is Lemma 3.8.
For packets f on H and g on G, define f ⊞ g on H ⊕G by adding the constants and, in every
positive grade, adding the tensors embedded from the two orthogonal summands. The canvas
isonormal process splits into independent processes on H and G, and

Zf⊞g = Zf + Zg.

This proves (b). Part (d) is the preceding theorem.

Remark 3.13 (The scalar compression). The complete datum is the C(R)-valued law of
one smooth scalar process. It replaces the adaptive elliptope of covariance experiments by
one stationary, functorial observation architecture: no correlation matrix, tensor label, chaos
projection, contraction network, or sampling configuration is supplied to the observer. At
replica order r, the unrestricted register has r(r − 1)/2 off-diagonal coordinates, whereas an
r-point canvas configuration modulo translation has only r−1 parameters. The Gaussian graph
characters remain linearly independent on this lower-dimensional locus, and the determinant
Gram decoder recovers every network coefficient exactly. Thus the fixed canvas is a genuine
scalar compression of the full orthogonal tensor character.

Corollary 3.14 (Generic finite configurations are witnesses). If two finite tensor packets are
not equivalent in the sense of Theorem 3.11—that is, their constants differ or their nonconstant
kernels are not related by one common orthogonal transformation on their minimal active
supports—then there is an r ≥ 1 such that, for Lebesgue-almost every x ∈ Er, the two random
vectors (︁

Zf (x1), . . . ,Zf (xr)
)︁

and
(︁
Zf ′(x1), . . . ,Zf ′(xr)

)︁
(74)

have different laws. The separating configurations form an open dense set and include a rational
configuration. Thus every inequivalent pair has a finite rational witness on the universal canvas.

Proof. If f0 ̸= f ′
0, the one-point means differ. Otherwise, after padding the shorter packet by

zero kernels, the contrapositive of Theorem 3.2 gives an r for which the two loop-free coefficient
vectors differ. By Lemma 3.9,

Mf ,r −Mf ′,r

is then a nonzero real-analytic function on Er. Its zero set has Lebesgue measure zero and
empty interior. Outside that set the mixed moment differs, so the joint laws in (74) differ.
The nonzero set is open and dense, hence contains a rational point.
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4 Replicas detect structure invisible to the marginal law
Before turning to geometry, we give an elementary example which shows why the word
correlated in the replica signature is essential. The example also displays a probabilistic
consequence of Theorem 3.2: a one-point law can hide the Hermite rank which controls
dependence after a nonlinear Gaussian observation.

Let
P (x, y) = x(x2 + y2), Q(x, y) = x3 − 3xy2. (75)

These cubics are not related by an orthogonal change of variables. On the real projective line,
the zero set of P consists of the single line x = 0, whereas the zero set ofQ = x(x−

√
3y)(x+

√
3y)

consists of three distinct lines. Nevertheless, their ordinary Gaussian laws coincide.

Proposition 4.1 (Same marginal, different replica response). Let G = (X,Y ) be a standard
Gaussian vector in R2. Then

P (G) law= Q(G). (76)

Let G1 = (X1, Y1) and G2 = (X2, Y2) be jointly Gaussian such that the two coordinates are
independent, while

E[X1X2] = E[Y1Y2] = ρ, E[XaYb] = 0. (77)

For |ρ| < 1,
E[P (G1)P (G2)] = 16ρ+ 8ρ3. (78)

E[Q(G1)Q(G2)] = 24ρ3. (79)

Thus the two-replica laws differ for every 0 < |ρ| < 1, even though the one-replica marginal
laws are identical.

Proof. Write a standard planar Gaussian in polar form G = (R cos Θ, R sin Θ), where R and
Θ are independent and Θ is uniform modulo 2π. Then

P (G) = R3 cos Θ, Q(G) = R3 cos(3Θ).

Multiplication by 3 preserves Haar measure on the circle, so cos Θ and cos(3Θ) have the same
distribution and are equally independent of R. This proves (76).

For the replica calculation, let Hj denote the probabilists’ Hermite polynomial of degree j.
Since x3 = H3(x) + 3H1(x) and y2 = H2(y) + 1, one has the orthogonal chaos expansions

P (x, y) = H3(x) +H1(x)H2(y) + 4H1(x). (80)

Q(x, y) = H3(x)− 3H1(x)H2(y). (81)

For standard correlated Gaussians Z1, Z2 with correlation ρ,

E[Hj(Z1)Hk(Z2)] = 1{j=k}j!ρj .

Coordinate independence and orthogonality of distinct multi-indices therefore give

E[P (G1)P (G2)] = 42ρ+ (3! + 1!2!)ρ3 = 16ρ+ 8ρ3,

and
E[Q(G1)Q(G2)] = (3! + 32 1!2!)ρ3 = 24ρ3.

These identities prove the claim.
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The example has an immediate dependence-theoretic consequence. Recall that the Hermite
rank of a centered Gaussian polynomial is the smallest positive chaos order in its Hermite
expansion. Equations (80)–(81) show that P has rank 1 and Q has rank 3, although (76)
makes that distinction invisible to every statistic based on a single time.

Corollary 4.2 (The same one-time law can hide opposite memory regimes). Let (Gn)n∈Z be
a stationary centered Gaussian process in R2 whose coordinates are independent copies of a
unit-variance scalar Gaussian process with correlation

r(k) ∼ c|k|−α, c > 0, 1
3 < α < 1.

Then the stationary sequences (P (Gn)) and (Q(Gn)) have the same one-time marginal distri-
bution, but ∑︂

k∈Z
|Cov(P (G0), P (Gk))| =∞,

∑︂
k∈Z
|Cov(Q(G0), Q(Gk))| <∞. (82)

Proof. For all sufficiently large |k|, one has |r(k)| < 1, so apply (78) and (79) with ρ = r(k).
The finitely many remaining lags do not affect summability. The first covariance is asymptotic
to 16c|k|−α and is not absolutely summable because α < 1. The second is asymptotic to
24c3|k|−3α and is absolutely summable because 3α > 1.

Thus equal marginals can conceal not merely a tensorial coordinate choice but a qualitative
change in temporal dependence. The replica parameter probes the covariance intervention
which exposes the missing Hermite grade. In the manifold and gauge applications below, the
same principle exposes multiplication, support bands, and ultimately local geometry which
the quadratic spectrum alone cannot see.

5 A scalar Gaussian observable hears the manifold
We now show that a single scalar polynomial of a heat-regularized white noise determines
the full Riemannian isometry class, provided that one is allowed to observe all its scalar
correlated replicas. The quadratic chaos recovers the heat operator, whereas one further even
chaos recovers the order structure of the underlying function space. Their combination turns
the abstract orthogonal operator supplied by Replica–Tannaka rigidity into pullback by a
Riemannian isometry.

Throughout this section, a closed Riemannian manifold means a compact smooth manifold
without boundary. If (M, g) is such a manifold, we write dvg for its Riemannian measure and
use the nonnegative convention

∆g = −divg∇g
for the Laplace–Beltrami operator on HM := L2(M,dvg;R). Its heat kernel is denoted by
pMs (x, y), so that

(e−s∆gh)(x) =
∫︂
M
pMs (x, y)h(y) dvg(y), s > 0.

5.1 The observable and its replica signature

Fix t > 0 and an even integer q ≥ 4, and set

AM,t := e−t∆g/2, kM,t,x := pMt/2(x, ·) ∈ HM . (83)

Let WM be an isonormal Gaussian process over the real Hilbert space HM ; thus

E[WM (h)WM (ℓ)] = ⟨h, ℓ⟩HM
.
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The heat-regularized white noise is the smooth Gaussian field

XM,t(x) := WM (kM,t,x). (84)

It has covariance

E[XM,t(x)XM,t(y)] = ⟨kM,t,x, kM,t,y⟩HM
= pMt (x, y). (85)

The asserted smoothness holds in the samplewise sense. Indeed, for every integer s ≥ 0 the
spectral theorem gives

E ∥XM,t∥2Hs(M) = Tr
(︁
(1 + ∆g)se−t∆g

)︁
<∞.

Taking the countable intersection over s and using Sobolev embedding shows that XM,t ∈
C∞(M) almost surely.

We use the multiple-Wiener-integral normalization

E[Ir(f)Is(h)] = 1{r=s} r! ⟨f, h⟩H⊙r
M
. (86)

For σM,t(x)2 := pMt (x, x) and the probabilists’ Hermite polynomial Her, the pointwise Wick
power is

: XM,t(x)r ::= σM,t(x)r Her

(︄
XM,t(x)
σM,t(x)

)︄
= Ir(k⊗r

M,t,x). (87)

In particular,

: XM,t(x)2 : = XM,t(x)2 − σM,t(x)2,

: XM,t(x)6 : = XM,t(x)6 − 15σM,t(x)2XM,t(x)4

+ 45σM,t(x)4XM,t(x)2 − 15σM,t(x)6.

Define the scalar observable

FM,t,q :=
∫︂
M

(︁
: XM,t(x)2 : + : XM,t(x)q :

)︁
dvg(x). (88)

There is no renormalization hidden in this definition beyond (87). Indeed, the map x ↦→ kM,t,x

is continuous from M to HM , because

∥kM,t,x − kM,t,y∥2HM
= pMt (x, x) + pMt (y, y)− 2pMt (x, y).

It follows from compactness that, for every r ≥ 1, the Bochner integral

f
(r)
M,t :=

∫︂
M
k⊗r
M,t,x dvg(x) ∈ H⊙r

M (89)

is well defined. More explicitly,∫︂
M
∥k⊗r

M,t,x∥ dvg(x) =
∫︂
M
pMt (x, x)r/2 dvg(x) <∞.

By (86), the map f ↦→ Ir(f) is continuous from H⊙r
M to L2(Ω). Consequently the integral in

(88) is a Bochner integral in L2(Ω) and

FM,t,q = I2(f (2)
M,t) + Iq(f (q)

M,t). (90)

For r ≥ 1, let
Corr◦

r := {Σ ∈ Rr×r : Σ = ΣT > 0, Σaa = 1}.
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Given Σ ∈ Corr◦
r , let (W (1)

M , . . . ,W
(r)
M ) be a replicated isonormal family satisfying

E[W (a)
M (h)W (b)

M (ℓ)] = Σab⟨h, ℓ⟩HM
. (91)

Let F (a)
M,t,q be (88) constructed from W

(a)
M . The scalar replica signature of (M, g) at (t, q) is

the indexed family

ΦM,t,q(r,Σ, θ) := E exp
(︄
i

r∑︂
a=1

θaF
(a)
M,t,q

)︄
, Rt,q(M, g) := (ΦM,t,q(r,Σ, θ))r≥1, Σ∈Corr◦

r , θ∈Rr ,

(92)
where the indexing by (r,Σ, θ) is part of the datum.

By Theorem 3.2, equality of these signatures yields one and the same real unitary on the
minimal active support which transports both homogeneous kernels. The common-unitary
conclusion is essential: it would not follow from the two marginal chaos laws taken separately.

Theorem 5.1 (A scalar Gaussian observable hears the manifold). Let (M, g) and (N,h) be
closed connected Riemannian manifolds, let t > 0, and let q ≥ 4 be even. Then

Rt,q(M, g) = Rt,q(N,h) ⇐⇒ (M, g) ≃ (N,h)
as Riemannian manifolds. (93)

Thus the minimal even choice within this norm-rigidity mechanism is q = 4: the correlated
scalar replicas of ∫︂

M

(︁
: XM,t(x)2 : + : XM,t(x)4 :

)︁
dvg(x)

determine the unpointed Riemannian isometry class of (M, g). The same statement holds for
every even q > 2, including q = 6.

Proof. We divide the nontrivial implication into five explicit steps.
Step 1: one common Replica–Tannaka unitary.
Assume Rt,q(M, g) = Rt,q(N,h). Apply Theorem 3.2 to the chaos decompositions (90). It
gives a real unitary U between their minimal one-particle supports such that

f
(2)
N,t = U⊙2f

(2)
M,t, f

(q)
N,t = U⊙qf

(q)
M,t. (94)

These supports are in fact all of HM and HN . To verify this, define the Hilbert–Schmidt
operator CM : HM → HM by

⟨CMa, b⟩HM
:= ⟨f (2)

M,t, b⊗ a⟩H⊗2
M
. (95)

For a, b ∈ HM , Fubini’s theorem and (83) give

⟨CMa, b⟩HM
=
∫︂
M
⟨kM,t,x, a⟩⟨kM,t,x, b⟩ dvg(x)

= ⟨AM,ta,AM,tb⟩HM
= ⟨e−t∆ga, b⟩HM

. (96)

Hence CM = e−t∆g . This operator is injective and has dense range; the one-particle support of
f

(2)
M,t, which is the closure of the range of its flattening, is therefore HM . The same argument

applies to N . Thus
U : HM −→ HN is a surjective real unitary. (97)

Step 2: the quadratic chaos recovers the full heat semigroup. Flattening the first identity in
(94) and using (96) yields

Ue−t∆gU−1 = e−t∆h . (98)

22



There is no loss in passing from one heat time to the generator. Indeed, e−t∆g and e−t∆h are
positive injective contractions, and the Borel functional calculus gives

∆g = −1
t

log(e−t∆g ), ∆h = −1
t

log(e−t∆h). (99)

Here the value of log at 0 is immaterial because the spectral projection of either heat operator at
{0} is zero; the domains in (99) are the corresponding functional-calculus domains. Therefore

U Dom(∆g) = Dom(∆h), U∆g = ∆hU, (100)

and, for every s ≥ 0,
Ue−s∆g = e−s∆hU. (101)

In particular, UAM,t = AN,tU .
Step 3: the even qth chaos turns U into an Lq-isometry. For every a ∈ HM , the definition (89)
gives the exact diagonal identity⟨︂

f
(q)
M,t, a

⊗q
⟩︂

=
∫︂
M

(AM,ta)(x)q dvg(x) = ∥AM,ta∥qLq(M), (102)

where the last equality uses that q is even. Evaluate the second identity in (94) against (Ua)⊗q

and use UAM,t = AN,tU . We obtain

∥UAM,ta∥Lq(N) = ∥AM,ta∥Lq(M) (a ∈ HM ). (103)

The range of AM,t is dense in Lq(M). One direct verification is that it contains every finite
linear combination of Laplace eigenfunctions, while such combinations are dense in C∞(M) in
its Fréchet topology and hence dense in Lq(M). Similarly, Ran(AN,t) is dense in Lq(N), and
(101) gives

U Ran(AM,t) = Ran(AN,t).

It follows from (103) that U extends uniquely to a surjective real linear isometry

˜︁U : Lq(M,dvg) −→ Lq(N, dvh). (104)

Since both measures are finite and q > 2, convergence in Lq implies convergence in L2. Thus
the extension ˜︁U agrees with the original L2-unitary U on all of Lq(M); below we use the same
symbol U for both realizations.
Step 4: Lamperti rigidity makes U an order isomorphism, up to one global sign. The Banach–
Lamperti theorem [Lam58] for the surjective Lq-isometry (104), with q ≠ 2, supplies a
measure-class isomorphism ϕ : N →M modulo null sets and a nonvanishing measurable real
function a on N such that

(Uf)(y) = a(y)f(ϕ(y)) for almost every y ∈ N, f ∈ Lq(M). (105)

Applying the Lq-isometry and the L2-unitarity to indicator functions gives, for every measurable
E ⊆M , ∫︂

ϕ−1(E)
|a|q dvh = dvg(E),

∫︂
ϕ−1(E)

|a|2 dvh = dvg(E). (106)

Because ϕ is an isomorphism of measure algebras, (106) implies |a|q = |a|2 almost everywhere.
Since a is nonzero and q > 2, we have |a| = 1 almost everywhere, and then

dvh(ϕ−1(E)) = dvg(E). (107)
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Moreover, a = U1M . By (100), a ∈ ker ∆h. Elements of this kernel are smooth and,
because N is connected, constant. Therefore a = c almost everywhere for one c ∈ {−1, 1}.
Replacing U by V := cU gives

(V f)(y) = f(ϕ(y)), V 1M = 1N . (108)

The operator V is a unitary order isomorphism and still intertwines the Laplacians. Since
both tensor degrees 2 and q are even, this harmless global sign change also preserves both
identities in (94).
Step 5: the order isomorphism is pullback by a Riemannian isometry. On a closed manifold,
elliptic regularity and the spectral theorem give

C∞(M) =
⋂︂
m≥1

Dom(∆m
g ), C∞(N) =

⋂︂
m≥1

Dom(∆m
h ). (109)

It follows from (100) that V restricts to a bijection C∞(M)→ C∞(N). The representation
(108) shows that this restriction is a unital algebra isomorphism.

For completeness, we now remove the “almost everywhere” qualifier from ϕ. Choose a
smooth embedding ι = (ι1, . . . , ιL) : M ↪→ RL and define

Φ : N −→ RL, Φ(y) := (V ι1(y), . . . , V ιL(y)).

The map Φ is smooth and equals ι ◦ ϕ almost everywhere. Since ι(M) is closed, continuity of
Φ and the fact that every nonempty open subset of N has positive Riemannian volume imply
Φ(N) ⊆ ι(M). Hence

ϕ := ι−1 ◦ Φ : N −→M

is smooth and agrees with ϕ almost everywhere. Applying the same construction to V −1 yields
a smooth map ψ : M → N . The two compositions agree almost everywhere with the identity
maps; by continuity they agree everywhere. Thus ϕ is a diffeomorphism, with inverse ψ, and

V f = f ◦ ϕ (f ∈ C∞(M)). (110)

It remains only to recover the metric. For the nonnegative Laplacian set

Γg(f1, f2) := 1
2
(︁
f1∆gf2 + f2∆gf1 −∆g(f1f2)

)︁
= ⟨∇f1,∇f2⟩g. (111)

Because V is both multiplicative and Laplacian-intertwining,

Γh(V f1, V f2) = V Γg(f1, f2) (f1, f2 ∈ C∞(M)). (112)

At y ∈ N , with x = ϕ(y), this says

h−1
y

(︁
(dϕy)∗df1(x), (dϕy)∗df2(x)

)︁
= g−1

x

(︁
df1(x), df2(x)

)︁
. (113)

The differentials of smooth functions span T ∗
xM , so (113) says that (dϕy)∗ : T ∗

xM → T ∗
yN is

an isometry for the cometrics. Equivalently, dϕy is an isometry for the tangent metrics. Thus
ϕ : (N,h)→ (M, g) is a Riemannian isometry.

We finally prove the converse. Let ϕ : (N,h)→ (M, g) be a Riemannian isometry and define
V : HM → HN by V f = f ◦ ϕ. Then V is a real unitary, V∆g = ∆hV , and V AM,t = AN,tV .
For r ∈ {2, q} and a1, . . . , ar ∈ HM , we have⟨︂

f
(r)
N,t, V a1 ⊗ · · · ⊗ V ar

⟩︂
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=
∫︂
N

r∏︂
j=1

(AN,tV aj)(y) dvh(y)

=
∫︂
M

r∏︂
j=1

(AM,taj)(x) dvg(x) =
⟨︂
f

(r)
M,t, a1 ⊗ · · · ⊗ ar

⟩︂
.

Hence
f

(r)
N,t = V ⊙rf

(r)
M,t, r ∈ {2, q}. (114)

For every replicated family over HM , define a replicated family over HN by W
(a)
N (b) :=

W
(a)
M (V −1b). It has exactly the covariance (91). Unitary equivariance of multiple Wiener

integrals and (114) give

F
(a)
N,t,q = F

(a)
M,t,q almost surely for every replica a.

All the indexed joint characteristic functions (92) are therefore equal. This proves the reverse
implication and completes the proof.

The freely indexed family of correlation matrices in (92) can be replaced by the one fixed
Gaussian canvas constructed in Section 3.4. Indeed, let (WM,x)x∈R be that canvas over HM

and put
ZM,t,q(x) := I

WM,x

2 (f (2)
M,t) + I

WM,x
q (f (q)

M,t), x ∈ R. (115)

Corollary 5.2 (One fixed Gaussian canvas hears the manifold). Let (M, g) and (N,h) be
closed connected Riemannian manifolds, let t > 0, and let q ≥ 4 be even. Then

LawC(R)
(︁
ZM,t,q

)︁
= LawC(R)

(︁
ZN,t,q

)︁
⇐⇒ (M, g) ≃ (N,h). (116)

Here both smooth processes use the same covariance kernel K(x, y) = e−(x−y)2 on the whole
real line; it depends on neither the manifolds, nor t, nor q.

Proof. Equality of the two process laws and Theorem 3.11 give a single surjective real unitary
U : HM → HN satisfying

f
(2)
N,t = U⊙2f

(2)
M,t, f

(q)
N,t = U⊙qf

(q)
M,t.

The active supports are the full L2 spaces by (96). Steps 2–5 in the proof of Theorem 5.1
therefore produce a Riemannian isometry. Conversely, a Riemannian isometry transports the
two kernels by (114); the converse implication of Theorem 3.11 then identifies the canvas
laws.

Remark 5.3 (Why both chaos orders are essential). The quadratic kernel alone recovers
e−t∆g , hence the unitary equivalence class of ∆g, but this is only spectral information and
does not distinguish isospectral nonisometric manifolds. The even qth kernel forces the same
intertwining unitary to preserve an Lq norm. Since q ≠ 2, Banach–Lamperti rigidity recovers
the measure algebra and its order; the Laplacian then recovers the smooth structure and the
metric through (112).

Remark 5.4 (Coefficients and the choice of heat convention). The theorem remains true for

α

∫︂
M

: XM,t(x)2 : dvg(x) + β

∫︂
M

: XM,t(x)q : dvg(x), αβ ̸= 0,

provided that the known coefficients α and β are kept fixed across manifolds. The convention
XM,t = WM (pMt/2(x, ·)) was chosen so that its covariance is pMt and the quadratic tensor flattens
exactly to e−t∆g , with no factor 2 in (96).
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6 The same scalar process hears singular diffusions
The preceding argument is not tied to smooth coordinates. Its analytic core only uses a
symmetric heat semigroup, an L4 multiplication tensor, and the fact that an order isomorphism
intertwining diffusion recovers the intrinsic geometry. We formulate that core at the level of
Dirichlet spaces and then specialize it to compact RCD spaces.

6.1 An abstract Dirichlet-space theorem

For i ∈ {1, 2}, let (Xi, µi) be a finite standard Borel measure space and let (P (i)
s )s≥0 be a

strongly continuous symmetric Markov semigroup on L2(Xi, µi), with nonnegative self-adjoint
generator Li. Fix a marked time t > 0 and assume:

(D1) P
(i)
s is conservative and irreducible;

(D2) P
(i)
t/2 has a symmetric measurable kernel p(i)

t/2(x, y) whose row map x ↦→ p
(i)
t/2(x, ·) ∈

L2(Xi, µi) is strongly measurable and which represents P (i)
t/2;

(D3) ∫︂
Xi

(︃∫︂
Xi

|p(i)
t/2(x, y)|2 dµi(y)

)︃2
dµi(x) <∞; (117)

(D4) the bounded map P
(i)
t/2 : L2(Xi, µi)→ L4(Xi, µi) has dense range in L4(Xi, µi).

Put Hi = L2(Xi, µi) and
ki,t,x = p

(i)
t/2(x, ·) ∈ Hi. (118)

Put κi,t(x) = ∥ki,t,x∥22. Assumption (117) says precisely that κi,t ∈ L2(Xi, µi). Together with
finiteness of µi, this makes the following Bochner integrals well defined:

Qi,t =
∫︂
Xi

k⊗2
i,t,x dµi(x) ∈ H⊙2

i , Ci,t =
∫︂
Xi

k⊗4
i,t,x dµi(x) ∈ H⊙4

i . (119)

Indeed, ∫︂
Xi

∥ki,t,x∥22 dµi(x) ≤ µi(Xi)1/2
(︃∫︂

Xi

κi,t(x)2 dµi(x)
)︃1/2

, (120)∫︂
Xi

∥ki,t,x∥42 dµi(x) =
∫︂
Xi

κi,t(x)2 dµi(x). (121)

Let Wi,u, u ∈ R, be the universal Gaussian canvas over Hi from Section 3.4; thus

E[Wi,u(f)Wi,v(g)] = e−(u−v)2 ⟨f, g⟩Hi
. (122)

Define the scalar process

Yi,t(u) = I
Wi,u

2 (Qi,t) + I
Wi,u

4 (Ci,t), u ∈ R. (123)

Theorem 6.1 (A scalar canvas process reconstructs a diffusion). Under assumptions (D1)–
(D4), the following are equivalent.

(i) The two smooth processes in (123) have the same law on C(R).
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(ii) There is a measure-preserving measure-algebra isomorphism ϕ : X2 → X1 such that the
unitary

V f = f ◦ ϕ (124)
satisfies

V P (1)
s = P (2)

s V, s ≥ 0. (125)

(iii) The pullback V in (124) identifies the Dirichlet forms:
V Dom(E1) = Dom(E2), E2(V f, V g) = E1(f, g). (126)

Here Ei(f, g) =
⟨︂
L

1/2
i f, L

1/2
i g

⟩︂
.

Proof. Assume first that the process laws agree. Apply Theorem 3.11 to the graded packet
(0, 0, Qi,t, 0, Ci,t). We obtain a common real unitary U : H1 → H2 satisfying

U⊗2Q1,t = Q2,t, U⊗4C1,t = C2,t. (127)
The unitary acts on the whole L2 space. Indeed, the flattening of the quadratic tensor is

⟨Flat(Qi,t)f, g⟩Hi
=
∫︂
Xi

(P (i)
t/2f)(x)(P (i)

t/2g)(x) dµi(x)

=
⟨︂
P

(i)
t f, g

⟩︂
Hi

, (128)

so Flat(Qi,t) = P
(i)
t . The operator P (i)

t = e−tLi is injective and has dense range.
Flattening the first equality in (127) gives

UP
(1)
t = P

(2)
t U. (129)

The unbounded Borel functional calculus applied to Li = −t−1 logP (i)
t yields UL1 = L2U on

the generator domains, and consequently
UP (1)

s = P (2)
s U, s ≥ 0. (130)

The quartic tensor identifies the L4 norm. For every f ∈ Hi,⟨︂
Ci,t, f

⊗4
⟩︂

=
∫︂
Xi

(P (i)
t/2f)(x)4 dµi(x) =

⃦⃦⃦
P

(i)
t/2f

⃦⃦⃦4

L4(Xi)
. (131)

Using (127) and (130), we obtain⃦⃦⃦
UP

(1)
t/2f

⃦⃦⃦
L4(X2)

=
⃦⃦⃦
P

(1)
t/2f

⃦⃦⃦
L4(X1)

. (132)

Assumption (D4) on both spaces therefore extends U to a surjective L4-isometry. Since the
measures are finite, L4 ↪→ L2, and the extension agrees with the original L2-unitary on L4.

The real Banach–Lamperti theorem now gives a measure-class isomorphism ϕ : X2 → X1
and a nonvanishing measurable function a such that

Uf = a(f ◦ ϕ). (133)
Apply both the L2 and L4 norm identities to indicator functions. Exactly as in (106), the
resulting measure identities imply |a|2 = |a|4, hence |a| = 1, and show that ϕ preserves measure.
Moreover, a = U1X1 is fixed by every P (2)

s by conservativity and (130). Irreducibility implies
that the fixed space consists of constants. Thus a ≡ ε for one ε ∈ {−1, 1}. The unitary V = εU
is precisely the pullback in (124), and it still intertwines all heat times. This proves (ii).

The equivalence between (125) and (126) follows from the spectral theorem: intertwining
the generators is equivalent to intertwining their square roots and domains. Thus (ii) and (iii)
are equivalent.

Conversely, suppose (ii). The identities V P (1)
t/2 = P

(2)
t/2V and preservation of measure give

V ⊗2Q1,t = Q2,t and V ⊗4C1,t = C2,t. The reverse implication in Theorem 3.11 now gives
equality of the two process laws, proving (i).
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6.2 Compact RCD spaces

Proposition 6.2 (RCD heat flows satisfy the reconstruction hypotheses). Let (X, d, µ) be a
compact connected RCD(K,N) space with full support and N <∞. For every marked time
t > 0, its Cheeger heat semigroup satisfies (D1)–(D4) of Theorem 6.1.

Proof. The space is a compact standard Borel space with finite measure. Its Cheeger energy
is a regular strongly local quadratic Dirichlet form, and the associated heat semigroup
(Ps)s≥0 is symmetric, conservative, and Markovian [AGS14a, AGS14b, EKS15, Gig18, FOT11].
Connectedness and strict positivity of the heat kernel give irreducibility.

For s > 0, the heat kernel ps(x, y) is symmetric and jointly measurable. The Gaussian
estimates on finite-dimensional RCD spaces imply that ps(x, x) is bounded on the compact
space [JLZ16]. The semigroup identity gives⃦⃦⃦

pt/2(x, ·)
⃦⃦⃦2

2
= pt(x, x). (134)

Consequently, ∫︂
X

⃦⃦⃦
pt/2(x, ·)

⃦⃦⃦4

2
dµ(x) =

∫︂
X
pt(x, x)2 dµ(x) <∞, (135)

which is (D3). Moreover, Cauchy–Schwarz and (134) yield⃦⃦⃦
Pt/2f

⃦⃦⃦
∞
≤ sup

x∈X
pt(x, x)1/2 ∥f∥2 , (136)

so Pt/2 : L2 → L4 is bounded.
It remains to prove density of its L4 range. Let g ∈ L4/3(X,µ) annihilate Pt/2(L2).

By symmetry and the boundedness just proved, the Banach adjoint is the heat operator
Pt/2 : L4/3 → L2, and the annihilation identity gives Pt/2g = 0. The heat semigroup is
analytic on L4/3 [BGL14]. Hence Psg = 0 for every s > t/2 by the semigroup law, analyticity
propagates this identity to all s > 0, and strong continuity at the origin gives g = 0. The
annihilator of Pt/2(L2) in L4/3 is therefore trivial, proving (D4). The remaining hypotheses
are the symmetry, conservativity, irreducibility, and measurable kernel properties already
verified.

The carré du champ of the Cheeger form is the squared minimal weak upper gradient. The
Sobolev-to-Lipschitz property identifies the intrinsic Dirichlet metric with d. Therefore an
order isomorphism intertwining the Cheeger heat semigroups preserves the intrinsic metric and
is represented by a measure-preserving isometry; equivalently, this is the RCD specialization
of the rigidity theorem of Lenz, Schmidt and Wirth [LSW18].

Corollary 6.3 (One scalar process reconstructs every compact RCD space). Fix t > 0. Let
(Xi, di, µi), i ∈ {1, 2}, be compact connected RCD(Ki, Ni) spaces with full support and Ni <∞.
Construct the universal canvas process (123) from the Cheeger heat flow at time t. Then

LawC(R)
(︁
Y1,t

)︁
= LawC(R)

(︁
Y2,t

)︁
(137)

if and only if there is a measure-preserving isometry

ϕ : (X2, d2, µ2) −→ (X1, d1, µ1). (138)

No common synthetic dimension bound, common curvature bound, or regular-set hypothesis is
required for this exact reconstruction.
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Proof. By Proposition 6.2, equality of the two scalar laws gives a measure-preserving order
isomorphism V intertwining the Cheeger heat semigroups and identifying their Dirichlet forms.
The order structure transports the carré du champ, while the Sobolev-to-Lipschitz property
identifies the induced intrinsic metrics with d1 and d2. The resulting representative of the
measure algebra map is therefore a measure-preserving isometry. Conversely, a measure-
preserving isometry identifies the Cheeger energies, heat semigroups, heat kernels, and hence
the two tensors in (119); the universal-canvas theorem then identifies the process laws.

Remark 6.4 (A larger nonsmooth reconstruction class). The abstract diffusion theorem applies
to every finite irreducible symmetric Dirichlet geometry satisfying (D2)–(D4). For quasi-regular
forms the reconstructed order isomorphism is realized by a quasi-homeomorphism, and for
regular strongly local forms it preserves the intrinsic metric whenever that metric generates
the given topology [LSW18]. Compact finite-dimensional RCD spaces provide the canonical
metric-measure realization of this general scalar reconstruction principle.

7 Scalar reconstruction of orthogonal gauge geometry
The preceding application used a scalar heat equation. We now show that the reconstruction
mechanism is not confined to scalar geometry. For a real Euclidean vector bundle equipped with
a metric connection, the flexible correlated-replica signature of one scalar quadratic–quartic
Wick observable reconstructs the base manifold, the bundle, and the connection up to the
unavoidable joint action of isometries and orthogonal gauge transformations. By Theorem 3.11,
the same information is equivalently encoded by the law of one smooth scalar process on our
fixed Gaussian canvas; this is the final form of the result.

7.1 Heat-smoothed Gaussian sections

Let (E, ⟨·, ·⟩E)→ (M, g) be a smooth real Euclidean vector bundle of positive finite rank over
a closed connected manifold, and let ∇E be a metric connection. Put

HE = L2(M,E; dvg), LE = (∇E)∗∇E , AE,t = e−tLE/2. (139)

The operator LE is nonnegative, self-adjoint, and elliptic, whereas AE,t is injective, smoothing,
and has dense range.

Let WE be an isonormal process over HE . The random section XE,t = AE,tWE is
understood by duality, or pointwise through the smooth kernel of AE,t, and has a C∞

modification. Let
Kt,x : HE −→ Ex, Kt,xs = (AE,ts)(x),

and choose an orthonormal basis (ε1(x), . . . , εr(x)) of Ex. Define

kx,α = K∗
t,xεα(x), qt,x =

r∑︂
α=1

k⊗2
x,α ∈ H⊙2

E . (140)

Equivalently,
qt,x = (K∗

t,x ⊗K∗
t,x)
(︁
⟨·, ·⟩−1

E (x)
)︁
.

The tensor qt,x is independent of the chosen orthonormal basis: an orthogonal change of basis
cancels after summing the two matrix indices. Its symmetric square is likewise intrinsic. Set

QE,t =
∫︂
M
qt,x dvg(x), CE,t =

∫︂
M

(qt,x ⊙ qt,x) dvg(x). (141)

These Bochner integrals belong respectively to H⊙2
E and H⊙4

E : smoothness of the heat kernel
gives continuity of the integrands in Hilbert tensor norm, and M is compact.
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The invariant homogeneous Wick polynomials are defined tensorially by

: |XE,t(x)|2 : = I2(qt,x), : |XE,t(x)|4 : = I4(qt,x ⊙ qt,x). (142)

In a local orthonormal frame, the second expression is the full joint Wick ordering of
∑︁
α,β X

2
αX

2
β .

This definition is therefore frame-independent even when the pointwise covariance is not a
scalar endomorphism. The scalar gauge observable is

GE,∇,t :=
∫︂
M

(︁
: |XE,t(x)|2 : + : |XE,t(x)|4 :

)︁
dvg(x) = I2(QE,t) + I4(CE,t). (143)

Its complete correlated-replica signature, denoted Rt(M, g,E,∇E), is defined as in (92), by
coupling the underlying isonormal processes with every finite unit-diagonal positive definite
correlation matrix.

Two identities explain the choice. For s1, s2, s ∈ HE ,

⟨QE,t, s1 ⊗ s2⟩ =
∫︂
M
⟨AE,ts1, AE,ts2⟩E dvg = ⟨e−tLEs1, s2⟩HE

, (144)

⟨CE,t, s⊗4⟩ =
∫︂
M
|AE,ts(x)|4E dvg(x) = ∥AE,ts∥4L4(M,E) . (145)

Thus the quadratic flattening is the connection heat operator, while the quartic tensor contains
the non-Hilbertian L4 geometry.

7.2 A vector-valued Lamperti lemma

We need the spatial form of a map which is simultaneously an L2-unitary and an L4-isometry.
This is a bundle version of the vector-valued Banach–Lamperti theorem [Sou78, GJ87]; in our
finite-rank Euclidean setting it has the following direct proof.

Lemma 7.1 (Simultaneous L2–L4 rigidity). Let E →M and F → N be positive-rank smooth
Euclidean vector bundles over closed manifolds. Suppose a real linear map U2 : L2(M,E)→
L2(N,F ) is unitary and a real linear map U4 : L4(M,E)→ L4(N,F ) is a surjective isometry.
Suppose there is a linear subspace C ⊂ L2(M,E) ∩ L4(M,E) which is dense for the norm
∥·∥2 + ∥·∥4, whose image has the same property on N , and on which U2 = U4. Write U for
their common restriction to L2 ∩ L4. Then there exist a measure-preserving measure-algebra
isomorphism ϕ : N →M modulo null sets and a measurable family of surjective fiber isometries
Jy : Eϕ(y) → Fy such that

(Us)(y) = Jys(ϕ(y)) for a.e. y ∈ N. (146)

In particular, the two bundles have the same rank.

Proof. First, U2 and U4 agree on all of L2 ∩ L4. Indeed, approximate any section in the sum
norm by elements of C. The two image sequences converge to U2s in L2 and to U4s in L4;
after passing to a common almost-everywhere convergent subsequence, the limits coincide.
The same argument applies to the inverses.

For vectors a, b in a real Hilbert space, direct expansion gives

|a+ b|4 + |a− b|4 − 2|a|4 − 2|b|4 = 4|a|2|b|2 + 8⟨a, b⟩2. (147)

After integration, the left-hand side vanishes exactly when two sections have disjoint essential
supports. Hence U and U−1 preserve disjointness.

For measurable A ⊂M , put

BA = {s ∈ L4(M,E) : s = 0 a.e. on M \A}.
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These are precisely the bands determined by disjointness: if S⊥ denotes all sections disjoint
from every member of S, then S⊥⊥ = BA, where A is the essential union of the supports of
members of S. Therefore U induces a Boolean isomorphism of the measure algebras. Since
compact manifolds are standard Borel finite measure spaces, it is represented by a measure-class
isomorphism ϕ : N →M , uniquely modulo null sets.

The decomposition into the complementary bands of A and M \A gives

U(1As) = 1ϕ−1(A)Us. (148)

By linearity and uniform approximation by simple functions,

U(bs) = (b ◦ ϕ)Us, b ∈ L∞(M). (149)

Choose a countable Borel trivialization of E by orthonormal frames. On one trivializing
set A, let the frame be e1, . . . , er and put ui = U(1Aei). Formula (149) gives, first for simple
sections and then by density,

U

(︄
r∑︂
i=1

biei

)︄
(y) =

r∑︂
i=1

bi(ϕ(y))ui(y), y ∈ ϕ−1(A). (150)

Thus U is represented locally by a measurable linear map Ty : Eϕ(y) → Fy.
Let ρ > 0 be characterized by∫︂

ϕ−1(B)
ρ(y) dvh(y) = dvg(B) (B ⊂M measurable). (151)

Apply the L4-isometry to 1Bc, with c constant in the chosen frame. Varying B and then using
a countable dense set of vectors gives

|Tyc|4 = ρ(y)|c|4 (c ∈ Eϕ(y)) (152)

almost everywhere. The L2-unitarity applied to the same sections gives

|Tyc|2 = ρ(y)|c|2. (153)

Squaring the latter and comparing with the former yields ρ2 = ρ. Since ρ > 0, we have ρ = 1.
Hence ϕ preserves volume and Ty is a fiberwise isometric embedding. The same argument for
U−1 shows that it is onto and that the ranks agree. Taking Jy = Ty proves the lemma.

7.3 Reconstruction of the connection

Theorem 7.2 (A scalar replica observable hears an orthogonal gauge field). Fix t > 0. Let
(M, g,E,∇E) and (N,h, F,∇F ) be smooth positive-rank Euclidean vector bundles with metric
connections over closed connected Riemannian manifolds. No equality of dimensions or ranks
is assumed. Then

Rt(M, g,E,∇E) = Rt(N,h, F,∇F ) (154)

if and only if there exist a Riemannian isometry ϕ : (N,h)→ (M, g) and a smooth fiberwise
orthogonal bundle isomorphism J : ϕ∗E → F which transports the connection:

∇F
(︁
J(ϕ∗s)

)︁
= (IdT ∗N ⊗J)

(︁
ϕ∗(∇Es)

)︁
(s ∈ C∞(M,E)). (155)

Thus the signature determines the bundle topology, metric connection, curvature, and holonomy
up to the natural isometry–O(r) gauge action.
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Proof. Assume (154). Apply Theorem 3.2 to the tensor pairs (QE,t, CE,t) and (QF,t, CF,t). By
(144), the quadratic flattenings are injective with dense range, so both minimal active supports
are the whole L2 spaces. We obtain a surjective real unitary U : HE → HF such that

Ue−tLE = e−tLFU, U⊙4CE,t = CF,t. (156)

The unbounded logarithm in the spectral functional calculus gives

U Dom(LE) = Dom(LF ), ULE = LFU, Ue−sLE = e−sLFU (s ≥ 0). (157)

Evaluate the quartic identity in (156) on four copies of s ∈ HE and use (145). Since
Ue−tLE/2 = e−tLF /2U ,

∥UAE,ts∥L4(N,F ) = ∥AE,ts∥L4(M,E) . (158)

Let (ψj)j≥1 be an orthonormal eigensection basis of LE , with LEψj = λjψj . For every smooth
section, its spectral truncations converge in every Sobolev norm by elliptic regularity, hence in
L4. Since smooth sections are dense in L4, finite eigensection sums are dense there. Every
such sum belongs to the heat range because

m∑︂
j=1

cjψj = AE,t

⎛⎝ m∑︂
j=1

etλj/2cjψj

⎞⎠ .
Consequently Ran(AE,t) is L4-dense, and heat intertwining gives U Ran(AE,t) = Ran(AF,t).
Equation (158) therefore extends uniquely to a surjective L4-isometry. Finite spectral sums
are also dense in L2 ∩ L4 for the sum norm: first approximate simultaneously by a smooth
section, then use convergence of its spectral truncations in a high Sobolev norm. Thus the L2

and L4 realizations satisfy the common-core hypothesis of Lemma 7.1. Consequently,

(Us)(y) = Jys(ϕ(y)) (159)

for a volume-preserving measure-class isomorphism ϕ and a measurable field of fiber isometries
Jy.

We next prove smoothness. Elliptic regularity gives

C∞(M,E) =
⋂︂
k≥1

Dom(LkE), C∞(N,F ) =
⋂︂
k≥1

Dom(LkF ). (160)

Thus U bijects the smooth section spaces. For b ∈ C∞(M), (149) gives

UMbU
−1 = Mb◦ϕ. (161)

The left-hand side preserves smooth sections. Around any point of N , choose a smooth section
v of F which is nowhere zero. Then

b ◦ ϕ = ⟨Mb◦ϕv, v⟩F
|v|2F

is smooth there. Applying the argument to U−1 shows that ϕ and its inverse pull smooth
functions to smooth functions. To make the resulting regularization explicit, choose a Whitney
embedding ι : M ↪→ RK . Every coordinate of ι ◦ ϕ has a smooth representative on N , and
these representatives define a smooth map Φ : N → RK . It lands in ι(M) almost everywhere.
Since ι(M) is closed and every nonempty open subset of N has positive volume, continuity
implies Φ(N) ⊂ ι(M). Thus ϕ has a smooth representative ι−1 ◦Φ. Repeating the construction
for ϕ−1 gives a smooth map in the other direction. Their two compositions equal the identity
almost everywhere and hence everywhere by continuity. The representatives are therefore

32



inverse diffeomorphisms; this argument in particular recovers the dimension. If e1, . . . , er is
a local smooth orthonormal frame of E and χ is a cutoff equal to one on a smaller patch,
the smooth sections U(χei) are locally the columns of J . Hence J has a smooth fiberwise
orthogonal representative.

The principal symbol of the Bochner Laplacian is

σ2(LE)(x, ξ) = |ξ|2g IdEx . (162)

Conjugating by the zeroth-order bundle map J over ϕ and using ULE = LFU yields
|(dϕy)∗ξ|2h∗

y
= |ξ|2g∗

ϕ(y)
for every y ∈ N and ξ ∈ T ∗

ϕ(y)M . Thus ϕ is a Riemannian isome-
try.

Transport ∇E by (ϕ, J) to a metric connection ˜︁∇ on F . Naturality and (157) give˜︁∇∗ ˜︁∇ = (∇F )∗∇F . (163)

Write ∇F = ˜︁∇+B, with B ∈ Ω1(N, so(F )). At a point y, choose normal coordinates and a˜︁∇-normal orthonormal bundle frame. The first-order part at y of the difference in (163) is

−2
dimN∑︂
j=1

B(Xj) ∂Xj , (164)

where X1, . . . , XdimN is the chosen orthonormal tangent frame; all remaining terms have order
zero. Equality of the differential operators forces B(Xj) = 0 for every j. Thus B = 0, which is
exactly (155).

Conversely, suppose (ϕ, J) satisfies (155). Then (Us)(y) = Jys(ϕ(y)) defines a real L2-
unitary which intertwines the connection heat operators and preserves fiber metric and volume.
Formula (141) gives U⊙2QE,t = QF,t and U⊙4CE,t = CF,t. Equivariance of multiple Wiener
integrals identifies every correlated joint law.

Corollary 7.3 (A smooth matrix potential is heard as well). Let VE ∈ C∞(M,Sym(E)) and
VF ∈ C∞(N, Sym(F )), and replace the Bochner Laplacians by

LE = (∇E)∗∇E + VE , LF = (∇F )∗∇F + VF .

Equality of the corresponding replica signatures is equivalent to the existence of (ϕ, J) as in
Theorem 7.2, together with

VF (y) = JyVE(ϕ(y))J−1
y . (165)

Proof. Each L is self-adjoint, bounded below, elliptic, and has a smoothing heat semigroup.
Replica–Tannaka and the preceding L4 argument first produce a smooth spatial unitary
U satisfying ULEU−1 = LF . Comparison of principal symbols shows that the underlying
diffeomorphism is a Riemannian isometry. Transport ∇E to a metric connection ˜︁∇ on F and
write ∇F = ˜︁∇+B. The potentials are zeroth-order operators, so the first-order part of the
difference is

−2
∑︂
j

B(Xj)∂Xj .

It follows that B = 0. The remaining zeroth-order equality is precisely (165); the converse is
immediate.

The same reduction to one predetermined Gaussian canvas is available for the vector-bundle
observable. Let (WE,x)x∈R be the canvas of Section 3.4 over HE and define

ZE,∇,V,t(x) := I
WE,x

2 (QE,t) + I
WE,x

4 (CE,t), x ∈ R. (166)

For V = 0 these are the tensors in (141); for a potential, they are formed in exactly the same
way with AE,t = e−t((∇E)∗∇E+VE)/2.
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Corollary 7.4 (One fixed Gaussian canvas hears the gauge field). Let (M, g,E,∇E , VE) and
(N,h, F,∇F , VF ) be as in Corollary 7.3; the case VE = VF = 0 is included. Then

LawC(R)
(︁
ZE,∇E ,VE ,t

)︁
= LawC(R)

(︁
ZF,∇F ,VF ,t

)︁
(167)

if and only if there exist a Riemannian isometry ϕ : (N,h)→ (M, g) and a smooth orthogonal
bundle isomorphism J : ϕ∗E → F such that

∇F = Jϕ∗∇EJ−1, VF = J(ϕ∗VE)J−1. (168)

The covariance kernel K(x, y) = e−(x−y)2 on R is fixed independently of all geometric data.

Proof. By Theorem 3.11, equality in (167) is equivalent to the existence of a single surjective
real unitary U : HE → HF transporting both QE,t and CE,t. The quadratic flattening is the
injective operator e−tLE , so the active support is all of HE , and similarly on F . The proof
of Theorem 7.2 and Corollary 7.3, starting from this common unitary, yields precisely (168).
Conversely, such (ϕ, J) transports the two tensors, and the converse part of the universal-canvas
theorem gives equality of the process laws.

7.4 Gauge moduli, holonomy, and finite separation

The reconstruction theorem acts on the full moduli space of smooth metric connections and
therefore on every geometrically defined locus inside it.

Corollary 7.5 (Gauge moduli, holonomy, and finite scalar separation). Fix t > 0.

(a) On a fixed closed connected (M, g) and at every rank r ≥ 1, the universal-canvas law
induces an injection from smooth metric connections on all rank-r Euclidean bundles,
modulo base isometries and orthogonal gauge. Its restriction to the Yang–Mills locus
d∗

∇F∇ = 0 is injective as well.

(b) The law determines the curvature tensor, the Yang–Mills energy, and the complete
parallel-transport functor up to the same equivalence. For every piecewise smooth path γ
in N , equivalent data satisfy

P∇F (γ) = Jγ(1)P∇E (ϕ ◦ γ)J−1
γ(0). (169)

In particular, it determines the conjugacy class of holonomy along every loop.

(c) On the flat locus, equality of canvas laws is equivalent to isometric conjugacy of the
monodromy representations. For a fixed base, this gives an injection

Hom(π1(M), O(r))/O(r)
Isom(M, g) ↪→ {universal scalar canvas laws at time t}. (170)

For r = 1, the invariant is the class in H1(M ;Z2) modulo the natural isometry action.

(d) Let LE = (∇E)∗∇E + VE and LF = (∇F )∗∇F + VF be two smooth self-adjoint matrix
Schrödinger geometries which are not isometry–orthogonal-gauge equivalent. Then a
finite rational canvas configuration separates their joint scalar laws. This finite separation
persists for every ordinary isospectral but geometrically inequivalent pair.

Proof. The gauge reconstruction theorem with potential identifies equality of canvas laws with
a unique isometry–orthogonal-gauge arrow. Curvature naturality gives

F∇F = (IdΛ2T ∗N ⊗Ad J)ϕ∗F∇E ,
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which preserves the Yang–Mills equation and curvature energy, while naturality of covariant
differentiation along paths gives (169). For flat connections, parallel orthogonal bundle
isomorphism is equivalent to conjugacy of monodromy, proving (170). The finite rational
separation follows from Corollary 3.14 applied to the inequivalent master packets. Ordinary
isospectrality fixes only the quadratic spectral orbit and leaves the quartic spatial tensor
available to separate the pair.

Remark 7.6 (Why orthogonal gauge is optimal). The radial observable does not mark an
orientation or a complex structure on the fibers. This is a genuine obstruction, not a defect of
the proof. Choose a closed connected Riemannian manifold (M, g) of dimension at least two
with trivial isometry group, and a one-form A ∈ Ω1(M) satisfying dA ≠ 0. Such metrics exist,
for example among generic metrics on a closed surface of genus at least two. On the trivial
oriented rank-two bundle put

J0 =
(︄

0 −1
1 0

)︄
, ∇A = d+ J0A.

A constant reflection C ∈ O(2) \SO(2) satisfies CJ0C
−1 = −J0, hence conjugates ∇A to ∇−A

and preserves every scalar replica signature. They are not equivalent by a base isometry and
an SO(2) gauge. Indeed, the base isometry must be the identity, and an SO(2) gauge changes
A by a closed one-form with integral periods. Sending A to −A would therefore force −2A to
be closed, contrary to dA ≠ 0. Therefore a reconstruction modulo SO(r), U(r), or a smaller
structure group requires additional Tannakian marker tensors defining that reduction. The
theorem modulo O(r) is sharp.

Remark 7.7 (Relation with inverse connection problems). Connection Laplacians have been
reconstructed from local hyperbolic Dirichlet-to-Neumann data [KOP18]. On a fixed closed
negatively curved manifold with simple length spectrum, ordinary Bochner spectra determine
low-rank bundles and connections up to gauge [CL25]. The datum here is different: the observer
sees only the law of one smooth scalar process on the fixed Gaussian canvas of Section 3.4.
The canvas compresses the flexible correlated-replica signature into a single fixed-architecture
law with no adaptive covariance intervention, while the quartic chaos supplies the spatial L4

module structure missing from the ordinary spectrum.

8 Deterministic completeness of the master heat packet
The preceding reconstruction theorems admit a formulation which no longer mentions random
variables. The complete invariant is a family of ordinary scalar contractions of two heat tensors.
This also makes the residual symmetry of the invariant completely explicit.

8.1 The two heat tensors and their closed networks

Let
X = (M, g,E,∇E , VE), LX = (∇E)∗∇E + VE , (171)

where M is closed and connected, E →M is a positive-rank real Euclidean bundle, ∇E is a
metric connection, and VE ∈ C∞(M,Sym(E)). Fix t > 0 and put

HX = L2(M,E), AX,t = e−tLX/2, RX,t,xs = (AX,ts)(x). (172)

The evaluation map in (172) is bounded because the heat operator is smoothing. If (εα)rankE
α=1

is any orthonormal basis of Ex, define

qX,t,x :=
∑︂
α

(R∗
X,t,xεα)⊗2 ∈ H⊙2

X . (173)
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As in (140), this does not depend on the chosen basis. The two integrated radial heat tensors
are

T
(2)
X,t :=

∫︂
M
qX,t,x dvg(x), T

(4)
X,t :=

∫︂
M
qX,t,x ⊙ qX,t,x dvg(x). (174)

Thus these are QE,t and CE,t from (141), with the same definition when a potential is present.
In particular, the flattening of T (2)

X,t is the injective operator e−tLX .

Definition 8.1 (The master heat packet). The canonical marked-time packet of X is

Tmaster
t (X) :=

(︁
HX, T

(2)
X,t , T

(4)
X,t

)︁
. (175)

It is called master because it is defined directly from heat evaluation and every homogeneous
scalar realization constructed below factors through it.

Proposition 8.2 (Minimality of the positive radial master packet). Let V be a nonzero
finite-dimensional real Euclidean space. For every integer d ≥ 0, the space of homogeneous
O(V )-invariant polynomials of degree d is

R[V ]O(V )
d =

{︄
{0}, d odd,
R |v|2k, d = 2k.

(176)

Consequently, among local homogeneous scalar observables of one vector that are intrinsic
under arbitrary orthogonal changes of fiber frame, degree two gives only the Hilbert norm and
degree four is the first additional positive degree producing a non-Hilbertian Lp geometry. The
heat packet Tmaster

t = (T (2)
t , T

(4)
t ) is therefore minimal among positive radial packets that work

uniformly for every finite fiber rank.

Proof. The orthogonal group acts transitively on every Euclidean sphere, so an invariant
homogeneous polynomial P of degree d is constant on the unit sphere. Homogeneity gives
P (v) = c|v|d for v ≠ 0. If d is odd, invariance under − Id forces P = 0. If d = 2k, then
P (v) = c|v|2k, which is polynomial and spans the invariant space. For d = 2, the integrated
heat observable is exactly the quadratic tensor whose flattening is the Hilbert-space heat
operator. The next positive radial degree is d = 4, and its diagonal is the fourth power of the
L4 norm on the heat range.

Remark 8.3 (The native cubic scalar sector). For the trivial real line bundle one may also
form

T
(3)
M,t =

∫︂
M
k⊗3
M,t,x dvg(x).

If one orthogonal map U : L2(M)→ L2(N) transports T (2)
M,t and T (3)

M,t, the quadratic identity
intertwines the heat semigroups and the cubic identity gives∫︂

N
(Uf)(Ug)(Uh) dvh =

∫︂
M
fgh dvg

on the heat range. Since U1 = c1, the L2 and cubic identities evaluated on constants give
c = 1. Unitarity then yields

⟨U(fg), Uh⟩L2(N) = ⟨(Uf)(Ug), Uh⟩L2(N),

so U(fg) = (Uf)(Ug) on the smooth spectral core and hence on C∞(M). Thus the scalar
sector has a native cubic multiplication realization. The master status of the quadratic–quartic
packet is stronger: it is positive, radial, and intrinsic for bundles of every rank and for the
singular Dirichlet setting.

36



A closed loop-free 2/4-network is a finite multigraph Γ = (V,E) without self-loops, with
parallel edges allowed, such that every vertex has degree 2 or 4. At a vertex v of degree d(v)
place T (d(v))

X,t and contract tensor slots along the edges. Symmetry of the tensors makes the
resulting number independent of all choices of slot order. We denote it by

NΓ,t(X) := ContrΓ
(︂
(T (d(v))

X,t )v∈V
)︂
. (177)

Equivalently, if τ2,x = qX,t,x and τ4,x = qX,t,x ⊙ qX,t,x, then Bochner–Fubini gives the local
heat-kernel formula

NΓ,t(X) =
∫︂
MV

ContrΓ
(︂
(τd(v),xv

)v∈V
)︂ ∏︂
v∈V

dvg(xv). (178)

For the trivial real line bundle with its trivial connection and VE = 0, this reduces to the
familiar scalar partition function

NΓ,t(M, g) =
∫︂
MV

∏︂
{v,w}∈E

pMt (xv, xw)
∏︂
v∈V

dvg(xv), (179)

where edges are counted with multiplicity. In the vector-bundle case, each edge carries the
kernel of e−tLX and the radial tensors perform the intrinsic fiber-index contractions at the
vertices.

8.2 The master equivalence

Theorem 8.4 (Master heat-packet equivalence). Fix t > 0. Let X = (M, g,E,∇E , VE) and
Y = (N,h, F,∇F , VF ) be data of the form (171); no equality of base dimensions or bundle
ranks is assumed. The following are equivalent.

(i) There exist a Riemannian isometry ϕ : (N,h)→ (M, g) and a smooth orthogonal bundle
isomorphism J : ϕ∗E → F such that

∇F = Jϕ∗∇EJ−1, VF = J(ϕ∗VE)J−1. (180)

(ii) There is a surjective real unitary U : HX → HY satisfying

T
(2)
Y,t = U⊙2T

(2)
X,t , T

(4)
Y,t = U⊙4T

(4)
X,t . (181)

(iii) For every closed loop-free 2/4-network Γ,

NΓ,t(X) = NΓ,t(Y). (182)

Moreover, whenever a unitary U in (ii) is prescribed, the pair (ϕ, J) in (i) is obtained from
that same unitary and satisfies

(Us)(y) = Jys(ϕ(y)) for a.e. y ∈ N. (183)

Disconnected networks may be omitted in (iii), since their values are products of the values of
their connected components.

Proof. Assume (i) and define (Us)(y) = Jys(ϕ(y)). The map U is a real L2-unitary. Naturality
of the connection Laplacian and the potential identity in (180) give ULX = LYU and hence
UAX,t = AY,tU. Because ϕ preserves volume and J preserves the fiber metric, the definitions
(173)– (174) then give (181). Thus (i) implies (ii).
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Every complete contraction is invariant under a simultaneous unitary change of all tensor
legs, so (ii) implies (iii).

Conversely, the numbers in (iii) are exactly the complete loop-free contraction register of
the finite tensor packet (︁

0, 0, T (2)
X,t , 0, T

(4)
X,t

)︁
, (184)

and similarly for Y. The support-Gram, finite-dimensional orbit-separation, and compact
inverse-limit argument used in the proof of Theorem 3.11 therefore gives a single unitary
between the active supports which transports both tensors. The quadratic flattenings are
e−tLX and e−tLY . They are injective with dense range, so the active supports are the full
spaces HX and HY. This proves (ii).

Finally, start with a prescribed U satisfying (ii). The proof of Theorem 7.2 and Corollary 7.3
applies from (156) onward: the quartic tensor makes U a vector-valued L4-isometry on a
common dense core, Lemma 7.1 gives the measurable form (183), elliptic regularity makes
(ϕ, J) smooth, and comparison of the principal and first-order symbols recovers respectively g,
∇E , and then VE . This proves (i) for the same U and completes all implications.

The random field formulation is now an immediate, but useful, consequence. Let (WX,x)x∈R
be the fixed canvas over HX and set

ZX,t(x) := I
WX,x

2 (T (2)
X,t ) + I

WX,x

4 (T (4)
X,t ), x ∈ R. (185)

Corollary 8.5 (Geometry, networks, and one universal field). For the two data sets in
Theorem 8.4, the equivalent conditions (i)–(iii) of that theorem are also equivalent to

LawC(R)
(︁
ZX,t

)︁
= LawC(R)

(︁
ZY,t

)︁
. (186)

Thus one and the same predetermined scalar Gaussian canvas is a complete scalar realization of
all the closed radial heat networks, and both are complete invariants of the smooth Laplace-type
geometry up to isometry and orthogonal gauge.

Proof. By Theorem 3.11, equality in (186) is equivalent to a unitary transporting the two
tensors on their active supports. The quadratic flattening has dense range, so those supports
are the full L2 spaces. The conclusion follows from Theorem 8.4.

8.3 The exact stabilizer

Let Aut(X) be the group of pairs (ψ,J ) in which ψ ∈ Isom(M, g) and J : E → E is a smooth
orthogonal bundle automorphism covering ψ which preserves ∇E and VE . Its natural action
on HX is

(ρ(ψ,J )s)(y) := Jψ−1(y)s(ψ−1(y)). (187)

Define the tensor stabilizer at time t by

Stabt(X) :=

⎧⎨⎩U ∈ O(HX) :
U⊙2T

(2)
X,t = T

(2)
X,t ,

U⊙4T
(4)
X,t = T

(4)
X,t

⎫⎬⎭ . (188)

Corollary 8.6 (Exact geometric automorphism group). For every datum X in (171), the
action (187) is a group isomorphism

ρ : Aut(X) ≃−−→ Stabt(X). (189)

In particular, for the scalar packet (f (2)
M,t, f

(4)
M,t) on a closed connected manifold,

Stab(f (2)
M,t, f

(4)
M,t) ∼= {±1} × Isom(M, g). (190)

38



Proof. Naturality shows that the image of ρ is contained in the tensor stabilizer. Conversely,
apply the final assertion of Theorem 8.4 with Y = X to any U ∈ Stabt(X). It represents that
same U by a pair (ϕ, J) with Jy : Eϕ(y) → Ey. To match the convention in (187), put ψ = ϕ−1

and Jx = Jϕ−1(x) : Ex → Eψ(x); its induced operator is exactly U . This proves surjectivity. If
two geometric automorphisms induce the same operator on all L2 sections, their base maps
and fiber maps agree (first almost everywhere, then everywhere by smoothness); hence ρ is
injective.

For the trivial real line bundle, a smooth orthogonal gauge transformation is a map from
connected M to O(1) = {±1} and is therefore constant. Both tensor degrees are even, so both
constants occur and commute with pullback by every isometry. This gives (190).

9 Positive orthogonal Tannaka duality for the master heat
packet

The preceding results single out one canonical tensor object. For a marked heat geometry X
and t > 0, set

Tt(X) :=
(︁
HX, QX,t, CX,t

)︁
:=
(︁
HX, T

(2)
X,t , T

(4)
X,t

)︁
. (191)

The flattening of QX,t is e−tLX , while the diagonal of CX,t is the fourth power of the radial L4

norm on the heat range. Thus the two degrees have different intrinsic roles: Qt recovers the
generator and Ct forces the transporting unitary to be spatial. This is why (191), rather than
any of its homogeneous presentations below, is the master heat packet.

9.1 Finite cuts and the positive pro-character

Put H = HX, T2 = QX,t, and T4 = CX,t. The intrinsic support Gram

D = LT2L
∗
T2 + LT4L

∗
T4 (192)

is positive, trace class, and injective. For every regular threshold δ > 0, meaning δ /∈ σ(D), set

Pδ = 1[δ,∞)(D), Hδ = PδH, Bδ = PδDPδ, Tj,δ = P⊗j
δ Tj (j = 2, 4). (193)

The cut space Hδ is finite-dimensional and the marker Bδ canonically records its position in
the spectral flag.

Let Dfree be the free real linear rigid symmetric monoidal ∗-category generated by one self-
dual object h, a self-adjoint endomorphism b, and symmetric arrows tj : 1→ h⊗j for j = 2, 4.
Evaluation at (Hδ, Bδ, T2,δ, T4,δ) gives a symmetric monoidal ∗-functor ω0

δ to finite-dimensional
real Hilbert spaces. Define

Deff
δ := Kar

(︁
Dfree/ kerω0

δ

)︁
, ωδ : Deff

δ −→ HilbRfd. (194)

The induced functor is faithful, rigid, orthogonal, and symmetric monoidal. Evaluation of
closed diagrams defines a multiplicative positive character

χδ(d ⊔ d′) = χδ(d)χδ(d′), χδ(cl(a∗a)) = ∥ωδ(a)∥2HS ≥ 0, (195)

where cl denotes categorical closure by the chosen duality. The quotient removes all dimension-
dependent and packet-dependent tensor relations, and the Karoubi envelope records all
orthogonal summands generated by idempotents.
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Proposition 9.1 (The positive cut character is complete). For every regular δ, the character
χδ determines the orthogonal orbit of

(Hδ, Bδ, T2,δ, T4,δ) (196)

and therefore determines (Deff
δ , ωδ) up to orthogonal symmetric monoidal equivalence. Con-

versely, such an equivalence preserves χδ.

Proof. The values of χδ are exactly the complete contractions, with arbitrary repetitions, of
the marker and the two tensors in (196). By Proposition 3.5, these values determine the tuple
up to one element of O(Hδ). Conjugating by that orthogonal map intertwines the evaluation
functors, their tensor ∗-ideals of zero arrows, and their Karoubi envelopes. Equivalently, the
positive pairings

⟨a, b⟩χδ
:= χδ(cl(a∗b)) = ⟨ω0

δ (a), ω0
δ (b)⟩HS

recover the null ideal and all Hilbert structures on generated morphism spaces. The converse
follows from functoriality of categorical closure.

By definition, Aut⊗(ωδ) is the group of unitary symmetric monoidal natural automorphisms
of ωδ. Every such automorphism is determined by its component on h, and

Gδ := Aut⊗(ωδ) =
{︂
U ∈ O(Hδ) : UBδU∗ = Bδ, U

⊗jTj,δ = Tj,δ, j = 2, 4
}︂
. (197)

If 0 < ε < δ are regular, Hδ is a spectral subspace of Bε and restriction gives a homomorphism
Gε → Gδ.

Definition 9.2 (Positive orthogonal pro-character). The cofinal system

χX,t,• :=
(︁
Hδ,Deff

δ , ωδ, χδ, Gε → Gδ
)︁
δ

(198)

is the positive orthogonal pro-character of (X, t). Two pro-characters are isomorphic if, after
passage to cofinal families of regular thresholds, there are compatible orthogonal isomorphisms
of cut spaces transporting Bδ, T2,δ, T4,δ; equivalently, there are compatible orthogonal symmetric
monoidal equivalences of their effective cut categories intertwining the fiber functors and
characters.

Proposition 9.3 (The inverse system reconstructs the full stabilizer). Restriction to the
spectral flag is a topological group isomorphism

StabO(H)(T2, T4) ≃−−→ lim←−
δ↓0

Gδ, (199)

where the left side carries the strong operator topology and the right side the projective-limit
topology.

Proof. If U stabilizes T2 and T4, then it stabilizes the support Gram D, commutes with every
spectral projection Pδ, and restricts to an element of Gδ. These restrictions are compatible
and determine U because

⋃︁
δHδ is dense.

Conversely, let (Uδ)δ be a compatible family. The formula Ux = Uδx for x ∈ Hδ is well
defined on the dense union of the cuts and is isometric. The compatible inverse family (U−1

δ )δ
shows that its extension is a surjective orthogonal operator on H. For j = 2, 4,

U⊗jP⊗j
δ Tj = P⊗j

δ Tj .

Since P⊗j
δ Tj → Tj in Hilbert tensor norm, passage to the limit gives U⊗jTj = Tj . The construc-

tions in both directions are continuous for the stated topologies, proving the isomorphism.

We write Aut⊗(ωX,t,•) for the projective-limit group in (199). This is the orthogonal
Tannaka group naturally carried by the separable Hilbert object through its complete cofinal
family of finite rigid cuts [Saa72, DR89, Del02, EGNO15].
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9.2 Full faithfulness and scalar duality

Let Heatt be the groupoid of marked heat geometries, whose arrows are isometries together
with orthogonal bundle maps preserving the connection and potential. Let Ten2,4 be the
groupoid of master packets (191), with simultaneous tensor-transporting unitaries as arrows.

Theorem 9.4 (Positive scalar Tannaka duality). The master heat-packet functor

Tt : Heatt −→ Ten2,4 (200)

is fully faithful. For every pair X,Y, it induces the bijection

HomHeatt(X,Y) ≃
{︄
U : HX → HY : U is a surjective real unitary,

U⊗jT
(j)
X,t = T

(j)
Y,t, j = 2, 4

}︄
. (201)

On isomorphism classes, the following are equivalent complete invariants:

[X]isometry+gauge, [χX,t,•]⊗, LawC(R)(ZX,t). (202)

Moreover,
Aut(X) ≃ StabO(HX)(QX,t, CX,t) ≃ Aut⊗(ωX,t,•). (203)

Proof. The prescribed-transport statement of Theorem 8.4 identifies every simultaneous trans-
port of (Qt, Ct) with one unique geometric arrow, proving full faithfulness. By Proposition 9.1,
the cut characters are equivalent to the finite compressed tensor orbits. An isomorphism
of pro-characters gives compatible cut transports, and Proposition 9.3 extends them to one
global transport of the master packets. The converse follows by restricting a master-packet
transport to the common spectral flag. Finally, Corollary 8.5 identifies the closed network
register with the universal scalar law, and Corollary 8.6 and Proposition 9.3 identifies all three
automorphism groups.

The scalar law therefore reconstructs the complete transport torsor and all stabilizers of
the master packet. The positive pro-character is its finite-cut Tannaka realization, while the
homogeneous appendix gives pure-chaos carriers of the same fully faithful geometric object.

10 Conclusion: one scalar law reconstructs heat geometry
The universal Gaussian canvas turns every finite symmetric tensor packet on a separable real
Hilbert space into one smooth scalar finite-chaos process whose law is a complete invariant of
the packet’s simultaneous orthogonal orbit. The graph-character decoder extracts the loop-free
closed tensor character directly from the law; the intrinsic support Gram, its finite spectral
flag, and orthogonal invariant theory recover the full orbit and every transport on the active
Hilbert space.

For heat geometry, the canonical object is the positive radial packet

Tt(X) =
(︁
HX, QX,t, CX,t

)︁
.

Its quadratic component is the marked heat operator, while its quartic component is the first
positive radial tensor carrying non-Hilbertian spatial geometry in every orthogonal fiber rank.
Their simultaneous transport reconstructs the measure algebra, smooth structure, metric,
bundle, connection, and self-adjoint potential. The resulting heat-packet functor is fully
faithful: geometric arrows, tensor transports, and scalar laws form equivalent groupoids.

The same architecture reconstructs compact finite-dimensional RCD spaces from their
Cheeger heat flows. At the categorical level, the positive cut characters recover the finite
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orthogonal tensor objects, and their inverse system reconstructs the complete geometric
automorphism group. The universal scalar law is therefore a positive orthogonal Tannaka
realization of heat geometry, not merely an invariant of isomorphism classes.

The appendices show that the master packet admits faithful carriers in every pure Wiener
chaos of order q ≥ 3, identify the exact scale sensitivity of inverse reconstruction, and give
finite statistical experiments separating arbitrary fixed candidate geometries. Together the
results establish the hierarchy

heat-geometric groupoid ⇐⇒ positive radial (2 + 4) master packet
⇐⇒ positive orthogonal pro-character⇐⇒ one universal scalar process law.

(204)

A Homogeneous chaos carriers of the master packet
The canonical datum constructed above is the quadratic–quartic heat packet: its quadratic
component is the heat operator and its quartic component is the radial L4 tensor. This
appendix proves that the positive master packet admits faithful derived presentations in every
homogeneous Wiener chaos of order q ≥ 3. Hence every pure chaos order at least three can
carry the complete heat geometry, while the quadratic–quartic packet remains the intrinsic
geometric source of all these presentations.

We first state the precise analytic class on which the constructions are defined. Throughout,
Sym denotes the orthogonal symmetrizer. If T ∈ H⊙2, we identify T with the self-adjoint
Hilbert–Schmidt operator AT determined by

⟨ATx, y⟩H = ⟨T, x⊙ y⟩H⊙2 . (205)

For C ∈ H⊙4, its 2 + 2 flattening is the self-adjoint Hilbert–Schmidt operator on H⊙2 given by

⟨ ˆ︁C ξ, η⟩H⊙2 = ⟨C, ξ ⊙ η⟩H⊙4 . (206)

The map C ↦→ ˆ︁C is injective on H⊙4. Indeed, the tensors ξ ⊙ η with ξ, η ∈ H⊙2 span a dense
subspace of H⊙4.

Definition A.1 (Admissible positive master packet). An admissible positive master packet is
a triple

T = (H,Q,C), Q ∈ H⊙2, C ∈ H⊙4, (207)
where H is a real separable Hilbert space and:

(a) AQ is positive and injective;

(b) ˆ︁C is positive and trace class on H⊙2.

An arrow U : (H,Q,C)→ (H ′, Q′, C ′) is a surjective real unitary satisfying

Q′ = U⊙2Q, C ′ = U⊙4C. (208)

We denote the resulting groupoid by Pos2,4.

Lemma A.2 (Positivity of a radial quartic). Let q ∈ H⊙2 and suppose that its associated
operator Aq is positive and trace class. Then the 2 + 2 flattening of q ⊙ q is positive and trace
class. More precisely, for every ξ ∈ H⊙2,⟨︂

ˆ︁q ⊙ q ξ, ξ
⟩︂

= 1
3

(︃
⟨q, ξ⟩2 + 2

⃦⃦⃦
A1/2
q AξA

1/2
q

⃦⃦⃦2

S2

)︃
≥ 0. (209)

Moreover,
Tr
(︁ˆ︁q ⊙ q)︁ = 1

3
(︂
(TrAq)2 + 2 ∥Aq∥2S2

)︂
. (210)
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Proof. Diagonalize Aq and expand the orthogonal symmetrizer of q ⊗ q. The three pairings of
four tensor legs give (209). In an eigenbasis of Aq with eigenvalues (λi), the map X ↦→ AqXAq
on self-adjoint Hilbert–Schmidt operators has eigenvalues λ2

i on the diagonal directions and
λiλj on the symmetric off-diagonal directions. Adding the rank-one term ξ ↦→ ⟨q, ξ⟩q and
summing these eigenvalues gives (210).

The injectivity in Definition A.1 is exactly the condition used earlier to show that the
active support of the heat packet is the whole L2 space. The trace-class hypothesis is the
condition which makes the square-root factor used below Hilbert–Schmidt. Both conditions
hold for the radial heat packets of this paper. Indeed, AQ = e−tL is positive and injective
at every t > 0. Moreover, the pointwise radial quadratic tensor is positive and finite rank.
By Lemma A.2, the 2 + 2 flattening of its symmetric square is positive and trace class. Heat
smoothing, finite fiber rank, and compactness make the integral of these positive flattenings
trace class.

A.1 Anchor padding in every order q ≥ 4
Let a be a fixed unit vector orthogonal to H. For T ∈ H⊙k and q ≥ k, define

Padaq,k(T ) :=
(︄
q

k

)︄
Sym

(︁
a⊗(q−k) ⊗ T

)︁
∈ (Ra⊕H)⊙q. (211)

The normalization in (211) makes this the sum over the distinct placements of the k legs of T ;
no conclusion below depends on that normalization. For q ≥ 4, put

Kq(T) = Ra⊕H,
Pq(T) = a⊗q,

Sq(T) = Padaq,2(Q) + Padaq,4(C).
(212)

Both marked tensors Pq(T) and Sq(T) have pure degree q.

Theorem A.3 (Faithfulness of anchor padding). Let q ≥ 4 and let T = (H,Q,C) and
T′ = (H ′, Q′, C ′) be admissible positive master packets. Then

∃U : H −→ H ′ satisfying (208)
⇐⇒ ∃W : Kq(T) −→ Kq(T′) unitary such that

Pq(T′) = W⊙qPq(T), Sq(T′) = W⊙qSq(T).
(213)

More precisely, in the subgroupoid whose arrows preserve the oriented anchor, Wa = a′, the
functor

Eq(U) = IdRa⊕U (214)

is fully faithful and identifies Pos2,4 with the subgroupoid formed by the packets (212) and the
anchor-preserving arrows. If the anchor is remembered only through Pq, the same assertion
holds without qualification for odd q. For even q, the kernel on arrows is exactly the auxiliary
reflection (− IdRa)⊕IdH ; quotienting by this order-two kernel again gives an equivalent groupoid.

Proof. If U transports Q and C, then W = IdRa⊕U transports both tensors in (212). This
proves the reverse implication in (213) and defines (214).

Conversely, suppose that W transports Pq. Equality of two unit rank-one symmetric
tensors gives

Wa = εa′, ε ∈ {+1,−1}, εq = 1. (215)
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Hence W (H) = H ′; write U = W |H . Relative to the orthogonal splitting

(Ra⊕H)⊙q =
q⨁︂

k=0
a⊙(q−k) ⊙H⊙k, (216)

the two summands of Sq have different H-degrees, namely 2 and 4. Projecting the equality
Sq(T′) = W⊙qSq(T) onto these two summands gives

Q′ = εq−2U⊙2Q, C ′ = εq−4U⊙4C. (217)

If q is odd, (215) forces ε = 1. If q is even, both exponents in (217) are even. Thus in all cases
U satisfies (208).

If Wa = a′, the restriction U determines W uniquely, which proves full faithfulness for
oriented anchors. Without the orientation, the only two possible extensions of a fixed U are
obtained by the two signs in (215); the negative sign occurs exactly when q is even. This
proves the final assertion.

The jointly active support of the marked pair (Pq, Sq) is all of Kq(T). Indeed, Pq supplies
the anchor line. Contracting the q−2 anchor legs of Sq kills the quartic summand and recovers
a nonzero multiple of Q. Since AQ is injective and self-adjoint, its range is dense in H, so no
direction of H is invisible.

A.2 The minimal positive cubic dilation

Padding cannot place a quartic tensor directly in degree three. The positive flattening of C
provides the missing factorization. Set

EH = H⊙2, LC = Ran ˆ︁C1/2 ⊂ EH , BC : EH −→ LC , BCξ = ˆ︁C1/2ξ. (218)

Then BC is Hilbert–Schmidt and has dense range, and

B∗
CBC = ˆ︁C, ∥BC∥2S2

= Tr( ˆ︁C). (219)

This factorization is minimal in the usual Kolmogorov sense.

Lemma A.4 (Uniqueness of the minimal positive factor). Suppose that ˜︁B : EH → ˜︁L is
Hilbert–Schmidt, Ran ˜︁B = ˜︁L, and ˜︁B∗ ˜︁B = ˆ︁C. There is a unique surjective unitary J : LC → ˜︁L
such that ˜︁B = JBC . (220)

Proof. On RanBC , define J(BCξ) = ˜︁Bξ. This is well defined and isometric because

⟨BCξ,BCη⟩ = ⟨ξ, ˆ︁Cη⟩ = ⟨ ˜︁Bξ, ˜︁Bη⟩.
The two ranges are dense, so J extends uniquely to a surjective unitary.

Let βBC
∈ LC ⊗H⊙2 be the Hilbert tensor corresponding to the Hilbert–Schmidt map BC :

⟨βBC
, ℓ⊗ ξ⟩ = ⟨BCξ, ℓ⟩LC

, ℓ ∈ LC , ξ ∈ H⊙2. (221)

Identify the positive trace-class operator BCB∗
C on LC with its quadratic tensor. On

K3(T) = Ra⊕H ⊕ LC (222)
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define

RT = Q⊕ (−BCB∗
C) ∈ (H ⊕ LC)⊙2,

P3(T) = a⊗3,

S3(T) = 3 Sym(a⊗RT) + 3 Sym(βBC
) ∈ K3(T)⊙3.

(223)

Here βBC
is first placed in LC ⊗H ⊗H and then symmetrized. The factors 3 make the two

terms the sums over the three possible positions of the distinguished leg.

Theorem A.5 (Full faithfulness of the positive cubic dilation). The assignment

E3 : (H,Q,C) ↦−→
(︁
K3(T), P3(T), S3(T)

)︁
(224)

is fully faithful from Pos2,4 to the groupoid of marked symmetric cubic pairs. Explicitly,{︂
U : H → H ′ : Q′ = U⊙2Q, C ′ = U⊙4C

}︂
≃−−→

{︄
W : K3(T)→ K3(T′) : P3(T′) = W⊙3P3(T),

S3(T′) = W⊙3S3(T)

}︄
.

(225)

For a master arrow U , the corresponding cubic arrow is

˜︁U = IdRa⊕U ⊕ U⊙2
⃓⃓⃓
LC

. (226)

Consequently the cubic pair and the quadratic–quartic packet have equivalent orthogonal orbits
and isomorphic stabilizer groupoids.

Proof. Assume first that U is a master arrow and put U2 = U⊙2. Equivariance of the 2 + 2
flattening gives ˆ︁C ′ = U2 ˆ︁CU∗

2 . (227)

Functional calculus then gives ˆ︁C ′1/2 = U2 ˆ︁C1/2U∗
2 and U2LC = LC′ . Therefore

VU := U2|LC
: LC −→ LC′ is unitary, BC′U2 = VUBC . (228)

It follows from (221) that

βBC′ = (VU ⊗ U⊙2)βBC
, BC′B∗

C′ = VUBCB
∗
CV

∗
U . (229)

Thus the unitary in (226) transports both cubic tensors.
Conversely, let W be a cubic arrow. Since the exponent is odd,

W⊙3a⊗3 = a′⊗3 =⇒ Wa = a′. (230)

Hence W restricts to a unitary W0 : H ⊕ LC → H ′ ⊕ LC′ . Contracting one leg of S3 against a
gives exactly

ιaS3 = RT. (231)

Consequently W0 conjugates the self-adjoint operator

ART = AQ ⊕ (−BCB∗
C) (232)

to ART′ . The positive spectral subspace of ART is precisely H: AQ is positive and injec-
tive. Its negative spectral subspace is precisely LC : the dense-range property of BC implies
ker(BCB∗

C) = kerB∗
C = {0}. Spectral projections are preserved by unitary conjugacy, and

therefore
W0 = U ⊕ V (233)
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for unitaries U : H → H ′ and V : LC → LC′ . The positive block in (232) yields Q′ = U⊙2Q.
Subtract 3 Sym(a⊗R) from S3 and project one tensor leg to LC and the other two to H.

By (221), the remaining transport identity is

βBC′ = (V ⊗ U⊙2)βBC
, equivalently BC′U⊙2 = V BC . (234)

Taking adjoints and products gives

ˆ︁C ′ = B∗
C′BC′ = U⊙2 ˆ︁C(U⊙2)∗. (235)

Injectivity of the flattening map now gives C ′ = U⊙4C. Hence U is a master arrow. Finally,
(234) determines V uniquely on the dense range of BC , and then on all of LC . Thus W is
exactly the unitary in (226), proving the bijection on every morphism set.

The active support of (P3, S3) is all of K3(T). The first tensor supplies a. Equation (231)
and the injectivity of both diagonal blocks in (232) show that the tensor legs of S3 have dense
support in H ⊕ LC . This observation will allow us to apply Replica–Tannaka without an
unobservable orthogonal complement.

A.3 One marked scalar law in a pure homogeneous chaos

We record the typed form of the universal-canvas theorem. It is needed because a homogeneous
presentation consists of two cubic, or two q-ic, tensors rather than one tensor in each of two
different grades.

Lemma A.6 (Quadratic–exponential independence). Let (aj , bj)1≤j≤N be distinct pairs in
[0,∞)× R. Then the functions

t ↦−→ e−ajt
2+bjt, 1 ≤ j ≤ N, (236)

are linearly independent on R.

Proof. Assume
∑︁
j cje

−ajt
2+bjt = 0. Among indices with cj ̸= 0, choose a0 minimal and, among

those with aj = a0, choose b0 maximal. Multiplication by ea0t2−b0t and passage to t→ +∞
leaves only the coefficient attached to (a0, b0), which must vanish. Iteration proves that every
coefficient is zero.

Lemma A.7 (Typed homogeneous Canvas–Replica reconstruction). Fix q ≥ 1 and distinct
real tags s1, . . . , sr. Let f = (f1, . . . , fr) with fα ∈ H⊙q, and let (Wu)u∈R be the fixed Gaussian
canvas with

E[Wu(h)Wv(k)] = e−(u−v)2⟨h, k⟩H . (237)

Define the real process

Z(q)
f (u) :=

r∑︂
α=1

esαuIWu
q (fα). (238)

Then every Z(q)
f (u) belongs to the pure q-th Wiener chaos, and the process has a continuous

version. The typed process is generally nonstationary, while its driving Gaussian canvas
remains stationary. For a second family f ′ with the same tags,

LawC(R)(Z
(q)
f ) = LawC(R)(Z

(q)
f ′ )

⇐⇒ ∃U : S(f)→ S(f ′) unitary such that f ′
α = U⊙qfα for every α.

(239)

Here S(f) is the closed joint active support of the family.
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Proof. The reverse implication follows from equivariance of multiple Wiener integrals. Equality
of process laws gives equality of every finite mixed moment, since finite-chaos random variables
have moments of all orders; no converse moment-determinacy assertion is used. For the
direct implication, expand every mixed moment of (238) by Wick’s rule. A loop-free q-regular
multigraph with adjacency multiplicities (mij) and a vertex typing τ contributes its typed
contraction multiplied by

exp

⎛⎝∑︂
i

sτ(i)ui −
∑︂
i<j

mij(ui − uj)2

⎞⎠ . (240)

For each fixed moment order choose a vector v outside the finite union of the hyperplanes and
quadrics on which two distinct pairs⎛⎝∑︂

i<j

mij(vi − vj)2,
∑︂
i

sτ(i)vi

⎞⎠ (241)

coincide. On setting ui = tvi, the coefficients become distinct functions e−at2+bt. Their linear
independence is Lemma A.6; hence the process law determines every loop-free contraction
with every vertex type retained.

Define the colored support Gram

Df =
r∑︂

α=1
LfαL

∗
fα
.

The typed loop-free register determines its spectral moments and all polynomially opened
contractions on every finite spectral cap. Applying Proposition 3.5 to the colored tuple
(P⊗q

δ fα)α together with the marker PδDfPδ produces compatible orthogonal transports on
all caps. The compact inverse-limit construction of Theorem 3.2 then yields one common
unitary transporting every fα. Continuity follows from the smooth universal canvas and
hypercontractivity. More explicitly, in the single-isonormal realization of (58), the deterministic
kernel is the Hilbert-smooth curve

u ↦−→
r∑︂

α=1
esαu

(︁
Ψ(u)⊗q ⊗ fα

)︁
∈ (G ⊗H)⊙q,

whose derivatives are bounded on compact intervals.

Apply the lemma with two tags, for example sP = 0 and sS = 1. For q ≥ 4 use the pair
in (212); for q = 3 use the pair in (223). Thus, with the appropriate ambient Hilbert space
Kq(T), set

Z(q)
T (u) = IWu

q

(︁
Pq(T)

)︁
+ euIWu

q

(︁
Sq(T)

)︁
, q ≥ 3. (242)

Although it contains two deterministically tagged tensor types, every random variable in (242)
lies entirely in one homogeneous chaos.

Corollary A.8 (Homogeneous presentations of the master packet). Let T and T′ be admissible
positive master packets. For every q ≥ 3,

LawC(R)(Z
(q)
T ) = LawC(R)(Z

(q)
T′ )

⇐⇒ ∃U : H → H ′ satisfying Q′ = U⊙2Q, C ′ = U⊙4C.
(243)

For the radial heat packets of Theorem 8.4, these conditions are further equivalent to equivalence
of the underlying manifold, metric, Euclidean bundle, metric connection, and self-adjoint
potential.
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Proof. The two marked families are jointly active by the observations following Theorems A.3
and A.5. The typed Canvas–Replica equivalence (239), followed respectively by Theorem A.3
or Theorem A.5, proves (243). The geometric assertion is exactly the deterministic master
equivalence already proved in Theorem 8.4.

Remark A.9 (The master datum and its homogeneous carriers). Corollary A.8 establishes
the exact chain

pure tagged chaos of order q ≥ 3 ⇐⇒ Orb(Q,C) ⇐⇒ heat geometry. (244)

For q ≥ 4, the carrier separates the quadratic and quartic tensors by occupation number relative
to a canonical anchor line. For q = 3, it uses the Kolmogorov-minimal positive factor of ˆ︁C,
canonical up to a unique unitary by Lemma A.4. Hence every order q ≥ 3 supports a faithful
homogeneous realization, while (Q,C) remains the intrinsic geometric packet from which all
carriers are functorially generated.

B Sharpness and inverse stability
The reconstruction theorems above are exact. It is natural to ask whether they admit a
uniform inverse modulus on geometrically bounded classes. At a fixed positive heat time the
answer is sharply negative under the usual zeroth-order curvature bounds. The following
example also explains why a quantitative version of Replica–Tannaka reconstruction must
retain information at vanishing heat scales.

B.1 An oscillating gauge field asymptotically invisible at every fixed scale

Let M = R2/(2πZ)2 be the flat two-torus, let E = M × R2, and put

J =
(︄

0 −1
1 0

)︄
.

For an integer k ≥ 1, consider the metric connection

∇(k) = d+ ak(x)J dy, ak(x) = sin(kx)
k

, (245)

and let ∇(0) = d. Its curvature is

F∇(k) = cos(kx)J dx ∧ dy. (246)

Thus
∥F∇(k)∥L∞ = cJ ,

∫︂
M
|F∇(k) |2 dv = 1

2 Vol(M)c2
J , (247)

where cJ := |J | > 0 for the fixed norm on so(2), and for every k. In particular, no orthogonal
gauge transformation can make these curvatures converge uniformly to the curvature of the
flat connection.

For a fixed marked time t > 0, let Qk,t and Ck,t be the quadratic and radial quartic tensors
of (141), constructed from ∇(k), and define on the fixed universal canvas

Yk,t(u) = IWu
2 (Qk,t) + IWu

4 (Ck,t), u ∈ R. (248)

Equip C(R), with its locally uniform topology, with the metric

ρloc(z, z′) =
∑︂
j≥1

2−j min
(︁
1,
⃦⃦
z − z′⃦⃦

C([−j,j])
)︁
. (249)

Below, dBL denotes the bounded-Lipschitz metric associated with ρloc: the supremum of the
differences of integrals over all functions bounded by one and 1-Lipschitz for ρloc.
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Proposition B.1 (Fixed-time replica data do not control curvature). For every fixed t > 0,

Qk,t −→ Q0,t in H⊙2, Ck,t −→ C0,t in H⊙4, (250)

where H = L2(M,R2). Consequently,

LawC(R)
(︁
Yk,t

)︁
−→ LawC(R)

(︁
Y0,t

)︁
(251)

weakly, although ∥F∇(k)∥L∞ = cJ and the limiting connection is flat. More strongly, for every
p > 2 and R > 0, under the common canvas coupling,

E ∥Yk,t − Y0,t∥pC([−R,R]) −→ 0. (252)

For every 0 < τ < T <∞,

sup
t∈[τ,T ]

dBL
(︂
LawC(R)(Yk,t),LawC(R)(Y0,t)

)︂
−→ 0. (253)

Proof. In the standard trivialization, the Bochner Laplacian is

Lk = (∇(k))∗∇(k) = L0 − 2akJ∂y + a2
k Id, L0 = −∂2

x − ∂2
y . (254)

Thus, for s > 0, ⃦⃦⃦
(Lk − L0)e−sL0

⃦⃦⃦
L2→L2

≤ C

k
√
s

+ 1
k2 . (255)

The heat semigroups of the metric connections are dominated in norm by the scalar heat
semigroup. In dimension two this gives, uniformly in k,⃦⃦⃦

e−sLk

⃦⃦⃦
L2→L∞

≤ Cs, Cs ≤ C(1 + s−1/2) (0 < s ≤ 1). (256)

For T > 0, Duhamel’s formula, first on the common core C∞(M,R2) and then by closure,
therefore yields⃦⃦⃦

e−TLk − e−TL0
⃦⃦⃦
L2→L∞

≤
∫︂ T

0

⃦⃦⃦
e−(T−s)Lk

⃦⃦⃦
L2→L∞

⃦⃦⃦
(Lk − L0)e−sL0

⃦⃦⃦
L2→L2

ds

≤ CT
k
. (257)

The integrability at the endpoints follows from (T − s)−1/2s−1/2 ∈ L1(0, T ).
Take T = t/2. The L2 → L∞ norm first controls the essential supremum of the row-

operator norms. The heat kernels are smooth and the volume has full support, so the bound
holds at every x. Evaluation at x turns e−TLk into a map Kk,t,x : H → R2. Since the target
has dimension two, (257) implies, uniformly in x,

∥Kk,t,x −K0,t,x∥HS ≤
Ct
k
, sup

k
sup
x
∥Kk,t,x∥HS <∞. (258)

For qk,t,x =
∑︁2
α=1K

∗
k,t,xeα ⊗K∗

k,t,xeα, the elementary tensor estimate gives

sup
x
∥qk,t,x − q0,t,x∥H⊗2 ≤

Ct
k
. (259)

Integration over the fixed compact base proves convergence of the quadratic tensors. Applying
∥a⊙ a− b⊙ b∥ ≤ (∥a∥ + ∥b∥) ∥a− b∥ before integration proves convergence of the quartic
tensors.
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Put fk,2 = Qk,t and fk,4 = Ck,t. Realize all the processes in (248) with the same canvas
isonormal family. The multiple-integral isometry gives

E
⃓⃓⃓
IWu
q (fk,q − f0,q)

⃓⃓⃓2
= q! ∥fk,q − f0,q∥2 , q ∈ {2, 4}. (260)

Applying Lemma 3.8 to the difference packet (0, 0, fk,2 − f0,2, 0, fk,4 − f0,4) proves (252), and
therefore (251).

The constants in (255)– (259) are uniform for t ∈ [τ, T ]. The quantitative bound (53),
applied on each [−j, j], therefore gives supt∈[τ,T ] Eρloc(Yk,t,Y0,t)→ 0 by dominated convergence
of the series in (249). The coupling inequality for the bounded-Lipschitz metric therefore
implies (253). Finally, (247) proves the claimed geometric nonconvergence.

Corollary B.2 (No zeroth-order inverse modulus). Let dlaw be any metric inducing weak
convergence on probability measures on C(R). There is no function ω(s) ↓ 0 as s ↓ 0 such that,
on the class of connections (245),

∥F∇∥L∞ ≤ ω
(︁
dlaw

(︁
Law(Y∇,t),Law(Yd,t)

)︁)︁
. (261)

This remains false if the datum contains the whole curve of positive heat times with the
compact-open topology induced by dBL on every interval [τ, T ] ⋐ (0,∞).

Proof. Apply the proposed estimate to ∇(k). Its left-hand side is cJ by (247), while its
right-hand side tends to zero by Proposition B.1.

B.2 Inverse continuity on compact geometric classes

We first make the ambient topology explicit.

Definition B.3 (Smooth Cheeger–Gromov–gauge convergence). Let Xj = (Mj , gj , Ej ,∇j , Vj)
and X = (M, g,E,∇, V ) be smooth heat geometries modulo isometry and orthogonal gauge.
We say that [Xj ]→ [X] smoothly if, for all sufficiently large j, the base dimensions and bundle
ranks agree and there exist diffeomorphisms ϕj : M → Mj and smooth orthogonal bundle
isomorphisms Jj : E → ϕ∗

jEj such that

ϕ∗
jgj −→ g, J−1

j ϕ∗
j∇jJj −→ ∇, J−1

j ϕ∗
jVjJj −→ V (262)

in every Cm norm on the fixed compact base M . The resulting quotient topology on isometry–
gauge classes is called the smooth Cheeger–Gromov–gauge topology. In the statement below K
is assumed compact and metrizable in this topology.

Although low-order quantitative stability fails, exact reconstruction immediately yields a
sharp qualitative statement on genuinely compact families. Let K be a compact metrizable
subset of this smooth moduli space. Fix t > 0, and let

St : K −→ P(C(R)) (263)

send a gauge geometry to the law of its universal-canvas process.

Proposition B.4 (Compactness–uniqueness stability). The map St is a homeomorphism
from K onto its compact image. In particular, after choosing any compatible metrics dK and
dlaw, there is a nondecreasing modulus ωK ,t, with ωK ,t(s)→ 0 as s ↓ 0, such that

dK (X,Y ) ≤ ωK ,t

(︁
dlaw(StX,StY )

)︁
(X,Y ∈ K ). (264)
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Proof. Convergence in the sense of Definition B.3, after the defining diffeomorphism and
gauge identifications, gives convergence of the Laplace-type coefficients in every Cm norm.
Standard parabolic regularity then gives smooth convergence of the heat kernels at the marked
positive time. The quadratic and radial quartic tensors converge in Hilbert tensor norm, so
Equation (53) implies weak convergence of the continuous canvas laws. Thus St is continuous.
It is injective by the gauge reconstruction theorem with potential and the universal-canvas
theorem. A continuous injection from a compact space into the Hausdorff space P(C(R)) is a
homeomorphism onto its image. Uniform continuity of its inverse gives (264).

Corollary B.5 (Minimum-distance consistency on compact geometric classes). Let K , St,
dK , and dlaw be as in Proposition B.4. Fix X0 ∈ K , let Z1, Z2, . . . be independent C(R)-valued
observations with common law StX0, and put

ˆ︁νn = 1
n

n∑︂
j=1

δZj . (265)

Suppose ˆ︁Xn ∈ K satisfies

dlaw(ˆ︁νn,St
ˆ︁Xn) ≤ inf

X∈K
dlaw(ˆ︁νn,StX) + 1

n
. (266)

Then
dK ( ˆ︁Xn, X0) −→ 0 almost surely. (267)

Proof. The path space C(R) with the compact-open topology is Polish, so its empirical
measures converge weakly almost surely to their common law. Since dlaw metrizes weak
convergence,

dlaw(ˆ︁νn,StX0) −→ 0 almost surely.

By (266) and the triangle inequality,

dlaw(St
ˆ︁Xn,StX0) ≤ 2dlaw(ˆ︁νn,StX0) + 1

n
.

The right-hand side tends to zero. Continuity of the inverse of St on its compact image,
equivalently (264), yields (267).

Remark B.6 (Scale-sensitive quantitative reconstruction). The oscillatory family pinpoints
the analytic mechanism behind inverse conditioning: high-frequency curvature is encoded at
progressively shorter heat scales. A quantitative Replica–Tannaka theory is therefore naturally
multiscale. It combines short-time renormalization with an approximate spatialization theorem
selecting one nearly common gauge near singular orthogonal orbits. On compact smooth moduli
classes, Proposition B.4 already gives the exact topological form of this inverse control.

C Finite statistical identification
The preceding corollary is an exact identifiability statement. It also gives a finite statistical
experiment for every fixed pair of models. For B > 0, write

cB(y) = max{−B,min{B, y}}. (268)

Theorem C.1 (Finite-coordinate exponentially consistent test). Let f and f ′ be two finite
tensor packets which are not orthogonally equivalent on their minimal active supports. Then
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there exist an integer r ≥ 1, a rational configuration x = (x1, . . . , xr) ∈ Er ∩Qr, and B > 0
such that

m = E cB

(︄
r∏︂

a=1
Zf (xa)

)︄
, m′ = E cB

(︄
r∏︂

a=1
Zf ′(xa)

)︄
(269)

are different. Put δ = |m−m′| > 0.
Suppose that Z(1), . . . , Z(n) are independent observed paths, all drawn either from Law(Zf )

or from Law(Zf ′), and set

ˆ︁mn = 1
n

n∑︂
j=1

cB

(︄
r∏︂

a=1
Z(j)(xa)

)︄
. (270)

Choose the first model when | ˆ︁mn −m| ≤ | ˆ︁mn −m′| and the second otherwise. Then

max {Pf (error),Pf ′(error)} ≤ 2 exp
(︄
− nδ

2

8B2

)︄
. (271)

In particular, the test is strongly consistent and uses only finitely many rational evaluations of
each path.

Proof. By the proof of Corollary 3.14, there are r and a rational x ∈ Er for which the
untruncated mixed moments

E
r∏︂

a=1
Zf (xa) and E

r∏︂
a=1
Zf ′(xa)

differ. Products of finite-chaos variables are integrable, because every finite-chaos variable
belongs to every finite Lp. Hence the expectations of the clipped products converge to the two
displayed moments as B →∞. They therefore remain different for some finite B.

Under either hypothesis, the summands in (270) are independent and lie in [−B,B]. A
wrong nearest-mean decision requires a deviation of at least δ/2 from the correct mean.
Hoeffding’s inequality [Hoe63] gives

P
(︃
| ˆ︁mn − E ˆ︁mn| ≥

δ

2

)︃
≤ 2 exp

(︄
− nδ

2

8B2

)︄
,

which proves (271). The almost-sure consistency also follows directly from the strong law.

Corollary C.2 (Finite candidate classes). Let L ≥ 2 and let f (1), . . . , f (L) be pairwise inequiv-
alent finite tensor packets. There exist P ≤

(︁L
2
)︁

bounded continuous statistics

ψ1, . . . , ψP : C(R) −→ [−1, 1], (272)

each depending only on finitely many rational evaluations, such that the mean vectors

vi =
(︁
Eψ1(Zf (i)), . . . ,EψP (Zf (i))

)︁
∈ [−1, 1]P (273)

are pairwise distinct. Let d∗ = mini̸=j ∥vi − vj∥∞ > 0. From n independent paths define the
empirical feature vector ˆ︁vn and choose a nearest vector among v1, . . . , vL in the ℓ∞ norm.
Under model i,

Pi(misclassification) ≤ 2P exp
(︄
−nd

2
∗

8

)︄
. (274)
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Proof. For each unordered pair (i, j), apply Theorem C.1 and divide its clipped product statistic
by the corresponding B. Collecting these statistics gives (272); the coordinate attached to
(i, j) separates vi from vj . If every coordinate of ˆ︁vn− vi has absolute value less than d∗/2, then
vi is the unique nearest model vector. Hoeffding’s inequality for variables in [−1, 1], followed
by a union bound over the P coordinates, gives (274).

Remark C.3 (Pairwise and finite-class identification). The separating replica order, rational
configuration, clipping level, and exponential gap are determined by the candidate laws. The
theorem therefore gives a finite experiment for every fixed pair and a single finite feature family
for every finite candidate class. On compact geometric model classes, Proposition B.4 upgrades
exact injectivity to inverse continuity and yields consistent minimum-distance reconstruction.

AI-assisted document audit
A large language model was used solely as a document-auditing tool. The audit identified minor
errors in the proof of Proposition 6.2 (RCD heat flows satisfy the reconstruction hypotheses) and
directed the author’s attention to existing references for the heat-kernel bounds, Lp-analyticity,
and intrinsic-metric rigidity used there.

The audit also identified an intermediate local computation that had been left implicit
in the proof of Theorem 7.2 (A scalar replica observable hears an orthogonal gauge field).
More precisely, after writing ∇F = ˜︁∇ + B, the local expansion of the difference of the two
Bochner Laplacians was checked in normal coordinates and a ˜︁∇-normal frame. This yields the
first-order term displayed in (164), namely

−2
dimN∑︂
j=1

B(Xj)∂Xj ,

from which equality of the two differential operators forces B = 0.
Finally, the audit detected theorem-type cross-reference errors, including references to

Lemma 7.1 (Simultaneous L2–L4 rigidity) and Proposition 9.3 (The inverse system reconstructs
the full stabilizer). These typographical errors were corrected without any change to the
mathematical content.

These corrections concern an auxiliary RCD verification, one local Bochner-Laplacian com-
putation, and typographical cross-references. They do not alter the constructions, statements
of the principal theorems, or logical architecture of the paper. All mathematical statements
and citations were independently verified by the author.
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